
inequality and the Cauchy-Schwarz inequality we have

Eea
∑mi

l=1 w̃ilxijlxikl ≤ 1 +
∞X
r=1

ar

r!
E

 
miX
l=1

~wilxijlxikl

!r

≤ 1 +
∞X
r=1

armr−1
i

r!

miX
l=1

E| ~wilxijlxikl|r

≤ 1 +
∞X
r=1

armr−1
i

r!

miX
l=1

{E(| ~wil|1/2xijl)2r + E(| ~wil|1/2xikl)2r}

≤ 1

mi

miX
l=1

 
1 +

∞X
r=1

(ami)
r

r!
E(| ~wil|x2ijl)r +

∞X
r=1

(ami)
r

r!
E(| ~wil|x2ikl)r

!

≤ 1

mi

miX
l=1

�
Eeami|w̃il|x2

ijl + Eeami|w̃il|x2
ikl

�
:

Denote the event En = {Exe
a
∑mi

l=1 w̃ilxijlxikl < ∞}, where Ex means that the expectation is

taken on x conditional on til. Then, it holds for all i by picking some appropriate ~wil and a

such that maxi ami| ~wil| is su�ciently small, since x2j(t) is sub-exponential uniformly in t by

Assumption 2.

De�ne B :=
Pn

i=1 bijk = O (n3 �m3h3 + n3 �m4h4). For su�ciently large n, we have

P

 
nX

i=1

Wijk ≥ n

����En

!
≤ exp{−an}E

(
exp

 
a

nX
i=1

Wijk

!����En

)

= exp{−an}
nY

i=1

E

�
exp(aWijk)

����En

�
≤ exp{−an +Ba2}: (S.6)

Note that (S.6) is minimized when a = n=(2B) and that the minimizer is exp {−2n=(4B)}.

Thus, there exists some positive constant C such that

P

 
nX

i=1

Wijk ≥ n

����En

!
≤ exp

�
−C2n=(n3 �m3h3 + n3 �m4h4)

	
:

Similarly, we obtain

P

 
nX

i=1

Wijk ≤ −n
����En

!
≤ exp

�
−C2n=(n3 �m3h3 + n3 �m4h4)

	
:
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The following obtained by a simple union bound holds for each t ∈ T ,

P

 
max
j,k

�����
nX

i=1

miX
l=1

{ ~wilxijlxikl − E ( ~wilxijlxikl)}

����� ≥ n

����En

!
≤ 2p2 exp

�
−C2n=(n3 �m3h3 + n3 �m4h4)

	
:

Let n = O{(log p)1/2(n3 �m3h3+n3 �m4h4)1/2}. Note that ~wil = Op{(n2 �m2h3)1/2} from Lemma

4, then with probability tending to 1, the event En holds from Assumption 4. Consequently,

max
j,k

�����
nX

i=1

miX
l=1

{ ~wilxijlxikl − E ( ~wilxijlxikl)}

����� = Op{(log p)1/2(n3 �m3h3 + n3 �m4h4)1/2}:
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