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FI G . 1 . Fittedtrajectoriesforindividualpredictorgrowthvelocitycurves(leftpanel)and mean

growthvelocitycurve(rightpanel)fortheBerkeleygrowthdata(n=3 9 ) . locitycurvesareshowninFigure1.Thefirstthreecomponentsexplain99.5 % o f thetotalvariation(78.9 % , 1 7 % a n d 3 .6%,resp.),andthecorrespondingestimatedeigenfunctionsaredisplayedintheleftpanelofFigure2.Thefirsteigenfunctioncorrespondstoarapidinitialdeclineingrowthvelocity,followedbyarelativelyflatincreasewithonsetaroundage5towardtherightendoftheconsideredagerange,whilethesecondeigenfunctioncontainsasignchangeandprovidesacon- trastbetweengrowthratesafterage2andthosebeforeage2.Thethirdeigen-functiondescribesamidgrowthspurtaroundages6–7,coupledwithanespeciallyrapiddeclineingrowthratebeforeage3.Tovisualizetheestimatedfunctionalderivatives,aderivativescoresplotasshownintherightpanelofFigure2isofinterest.Thecoefficientestimatesforthefirsttwoeigendirectionsareplotted[i.e.,thepoints,definedat(5) , (γXi,1, γ Xi,2),evaluatedateachofthe39predictorfunctionsXi].Thisfigurethusrepresentsthecanonicalfunctionalgradientvectorsattheobserveddatapoints,truncatedatthefirsttwocomponents.Thesegradientvectorsareseentovaryquiteabitacrosssubjects,withafewextremevaluespresentinthederivativecorrespondingtothe firsteigendirection.
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that gradients are largest in directions z = g∗
i /‖g∗

i ‖ (i.e., in directions that are par-
allel to the derivative generating functions g∗

i ). This means that largest increases in
adult height are obtained in the presence of increased growth velocity around 2–4
years and past 8 years, while growth velocity increases between 5–7 years have
only a relatively small effect.

It is of interest to associate the behavior of the derivative operators with features
of the corresponding predictor trajectories. The predictor trajectories Xi , for which
the derivative coefficients γXi,j have the largest and smallest absolute values in
each of the first three eigendirections (for j = 1,2,3), are depicted in the upper
panels of Figure 4. The lower panels show the corresponding derivative generating
functions. One finds that the functional gradients of growth velocity curves that
contain time periods of relatively small growth velocity are such that increased
growth velocity in these time periods is associated with the largest increases in
subsequent adult height (dashed curves in left and middle panel, dotted curve in

FI G . 4 . Predictortrajectories(toppanels )andcorrespondingderivativegeneratingfunctions ˆg∗

i( t )

(15) ( bottompanels ) whichhavethelargest(dashed )and smallest (dotted ) absolutevaluesofderiv-

ativecoefficients ˆγxj(7 )inthedirectionsofthefirst ( j =1 ,left ) ,second ( j = 2 ,middle )andthird

( j = 3 ,right )eigenfunctions ,aswellasthemeanfunctions(solid ) .
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