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Summary. In longitudinal data analysis one frequently encounters non-Gaussian data that are
repeatedly collected for a sample of individuals over time. The repeated observations could be
binomial, Poisson or of another discrete type or could be continuous. The timings of the repeated
measurements are often sparse and irregular. We introduce a latent Gaussian process model
for such data, establishing a connection to functional data analysis. The functional methods
proposed are non-parametric and computationally straightforward as they do not involve a likeli-
hood. We develop functional principal components analysis for this situation and demonstrate
the prediction of individual trajectories from sparse observations. This method can handle miss-
ing data and leads to predictions of the functional principal component scores which serve as
random effects in this model. These scores can then be used for further statistical analysis, such
as inference, regression, discriminant analysis or clustering. We illustrate these non-parametric
methods with longitudinal data on primary biliary cirrhosis and show in simulations that they
are competitive in comparisons with generalized estimating equations and generalized linear
mixed models.

Keywords: Binomial data; Eigenfunction; Functional data analysis; Functional principal
component; Prediction; Random effect; Repeated measurements; Smoothing; Stochastic
process

1. Introduction

1.1. Preliminaries
When nde, akmg pbedmt ion in longlt dinal dat a anal in ol ing i, % la, ]y paced and
inf eaa eny mea .emen elatl el 11t le info . Mg ion 1 oft ena \llable a each bjec[
ovlngto pa, eand %la #mnt I e%l&it ofm\e'an ement fo in 1\}%211
s bjeg 1 an inhe en d1f die . The efoe } 1 e pecial Impo,, an (9, ©
all he info, ma ion hg can be acce ed Tﬁl Leq ie (0 model he  efg ion hip bg een
mea cemen,  hg a e made 3y del epa g ed ime poiny . We a1m g a ﬁe ible non- pa a-
mu’:‘tklcf1 ng 1onal dat aanal 1 apphoach hich i 1n con,a, . ihcommon " " ed pa, ametblc
model Chd gene, ali ed ?ined m1 ed model (GLMM )o gene ali ede mat ion ce, 3 ion
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(GEE ) e, fo_ e ample, Heage,,  (1999) fo,  eceny di G ion on appl ing " ch model
( 0 .epeg ed bina&y mea_,  emen , P)(l%‘ ..ahmadi (2000) fo_ cla ed a peq of co a iance mod-
elling and Heage; anc? Zege, (2000), Heage and K | land (2001) and Chici’ and M lle,
(2005) fo.L di G lon on limj g ion , rnodlﬁcat 10yn and fea 1b111ty oft hen ndeylylng pa,amg, ic
a , mpion.

A non-pa, amg, ic {‘ ng ional app, oach fo,  he anal 1 of longim dinal dg a, \!jt hi philo -
ophy (0 lg (hedga peak fo  hem el e and } inl‘}lehent ﬂei ibil} y i e, peg ed o pe fo m
bg©.  han he pa amg, ic GEE o, GLMM app, oache inman_ i ion . Hoge & i face
difﬁ% ]tie c}tetothe pq eny iall, la, ge gap bc‘t‘leenhepeat ed mea |, emen, int picdll.  pa_e
longlm dinal dg a. The pa amg ic m¢ hod o e come hi ea i %y PO la ing a paamg, ic
fo,m of he nde&lging f ngion . Incon, a ,\1ht he p e ence of “ch gap , hecla ical non-
pa, ame, ic app oach o moq hindi id, al; ajego.ie inafi ; (epi nq fea ible (Yao eral,
2005). The p,_oblem ¢ hat a, e cq edb'gap a ee ace, bat ed int he common]y encq n¢ edca e
of non—Gaﬁ ian longim dinal e pone  cha binomial o, Poi on e pone (ee Sec[ ion 5).

We demon , 3 e hoy, one can o ¢ come he diffig }ie  hg a.epo ed b  chdgafo, non-
pa, ame, ic app oache , b_ appl, ing " pabl, modified m¢ hod of { ngional dg a analy 1.
F, ng ional dg a anal i rget hod" ha_e been p&ima,ﬂi]y de cloped fo, moq hand den el am-
pled dat a (Ram ar?ld Sil_e man, 2()b2, 2005). The ba ic}(‘leat o conneg the dat a hat ve ‘!i h

oanal ¢ of ng ional dat}l'anal i meg hodolog_ i (O PO ¢ lat ean; nde»lzing lat en G% ian
p.oce “(LGP) (fo, q he, e ample of Ig eny p, oce modelling fo, longim dinal o die compa, e,
fo_ e ample, Diggle et al. (1998), Jo_ ahee_ and Su“adh% (2002), Ha hemi et al. (2003) and
P.o  etal (2006)). Specificall_, hedl ianp_ope, make i po ible, 0o_e come pa_ ene

B (19, . OPCy b SO0 .
b, a condj ioning a, g men . Rele an feg e ofthg ¢ocha  ic elg ion hip' of he ob ¢ ed
dg aa e, efleg ed b he mean and %o a, iance p ope, ie of hi LGP. Sim, I3 ion indicg ethét
¢ he me hod i inpagicee jeinen il e o he Gaﬁ jana  mp 1on.foythe Ia en. p oce .

Since |, fficiery ﬂei ible pa, amg ¢, 1 g"ton of he ndeklylng Gy, ianpoce Jqld | ffe
fom ala_ge 1, mbe, of pa, amg ¢, making co, e ponding ma inﬁ m likelihood app, oache
comp, & ionall demanding and“ n  able, y&p.opo e in, ead, o connec . he LGP 0, andom
(najeg o ie fo, “indi id, al ob eh\a'tion di, eq by mean of a link f ngion. The e | bjeg -

pecific, ; ajeg o,ie €8, e pond 0} he p obabil} ie” of a, e pon ein he bina, e poneca e
Whe ea  helink { ngioni a , med knog n, he meanand co a iance of he C?'} ian p, oce
a,ea med obe, nknovn b moqh. flhi p.opo jioni g, cti\e ongq,n ofﬂe} ibil} y
]Z])lt } .ai e ; he challenging p, oblem of con b § ing app, op,ig e ¢ 1ing o, .

The mq hodolog, p.opo edi afi g, emp o e end {‘ ng ional dg a analy i technology
(0 he ca e of non"Gg, ian epeg ed mea , emery . P omineny e ample fo_  jchdgaae
.epeg ed bina, & mea | emen o,  epeged cq n . The mg hod p opo ed a e mqigedb

e_e al con idetation :¢he  a ia ion of  andom coefficien, ‘ma_ be, elg i el log, anh'inthiy
ca ¢a imple Ta lo, app,.o, 1 glonmoi ge imple, e plicy gnd non-pa,"dme,, ic mean and
co, a iance {, ngone img o, ; andt.he ectimgo, ae elernent a.,(0comp, e i e pegie
of‘z'het he_ he 10‘.z Adgiona  mpioni gi ﬁ;doo'& nq . The iy le, 19\! a 13 ione  img d
that yEP.opoeae §(.agieo lngtothelL ﬂeg ibily  and i, me ical impli y

The anal_ i of con i, g/ &% ian pa_ e longi, dinal da a b { ngional mg hod ha
been con idyehed p.e iov (e.g. Shi et al. (1996), Rice and V\{t (20()6’), Jame et al (2001) and
Jame and § ga_ (2003)).7Q, | main ool f om 1; ng ional dg a anal_ i i f ngional p, incipal
componery (FPC) anal_ 1, ‘Zhe&e ob e \ed“aject o.ie a e decompo ed int 0 a mean {‘ ng ion
and eigen% ng ion (e.g” Rice and Sil_e man (1991) and Boen, e and F,_aiman (2000)). VaLiOD
a peg oft he&elat ion hip bg yeen ﬁ(‘tional and longit dinal dgaace dig ed inStani ali
and Lee (1998), Rice (2004) and Zhao et al. (2004); an eakly o dy of modelling longim dinal
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(..8jeg o ie in biological applicg ion ]th FPC 1 Ki kpg, ick and Heckman (1989). FPC
analyi allo v u © achie \e' h ee majo goal :

(a) dimen ion ec{‘ ion of NG ional data by mma, i ing he dat ainafe, FPC ;

(b)  he p&edlct ion of1nd1 1 calg, ajegote om pa, edata b ¢ img ing  he FPC coe
of t he .ajeg o, ie ;

(c) t{‘ u tatl 1ca1 .analy 1 of longit dinal data ba ed on; he FPC co.e .

In, he ne, o b eq ion, ve m“oq‘ ce he LGP model; hen in Sec[ ion 2 he p.opo ede 1-
mge, follo ed b apphca[ lon ;o0 phedlct ion (Seg ion 3). The Le, fom a im la ion d
1nc}) d1ng a compg/u on of he met hod p_opo ed v]t h GLMM and GEE ,a.e epo ed in Sec—
¢lon 4. The anal| i of non Gaﬂ ian pa_ e longlm dinal dg a i 11{‘ (-3 ed n Sec[ 10n 5,

¢ he longlm dinal anal 1 of he ocg, ., ence of hepa, omegalY in p_ima, _ bilia, c1 LJhoi. %hl
1 follo‘! ed b ab, 1ef di % 10n (Sec[ ion 6) and an append thh chnt ain de 1 at ion and
ome heo, e[lcalken } abq, e img ion.

1.2. Latent Gaussian process model
Gene&alb denq ing, he gene, ali ed e pon e b Y; ],ve ob ¢ eindependen copie of ¥, l%,t’
in each ca e, on fo afey, pa, e ime poin “In pa%l%l ,che dgaaepai (7i,Y)), fo,
I<ig<nand 1 <j<m;, yhe.e Y,,_Y(T,,) fo, an nde | ing andomt&ajec‘to Y;, and each
T;jeZ=][0,1]. The pa, eand Cq € ednamhe of he ob e g lon ime T,]m bee pe ed
heo etlcal b n()[lngthat hem; a N nifo, m bo nded, i he e I]t]tle h \e'adete min-
ltICO igin,0 thg  he  epeen he ale of i dependent and iden icall_ di (.1 ed, andom
a, iable ]th fficie ligh ,ail , \f‘ hem; o .iging e ¢ ocha ;icall . We a e aiming g (he
deming dlfﬁ%]t a kof maklng ch pa_ ede ign amenable ot{‘ ctlonal mg hod , hich
ha_e been p,_ima, 1]y aimed g den e]y colleg ed moq h dg a.

ceny . ala 1on fo_ Q . app,oachi hat the: dependence bet een; he ob ¢, 1on Y;j
i inhe, 1tedfom an nde, 1ng nob e__ed Gaﬁ ian p oce X:lg ‘l’(t) fo teT, \he eT i
acompag in e, a1 deno[ea ocha (¢ p\bce gifi] 1ng

E(Y(1))... Y(t,)| X} = H giX @},
I ()

E(Y®)’|X}<gi{X (D}
fo 0<H<...<ty<landO0<r<1.Hee, XdenO[e aGaﬁ ilanpoce onZ,gi a moo[h

mono[ one inc, ea ing link NG ion, f om he  eal line o he, ange of he di, 1b ¢lon of  he
Yij,and g; i a bo nded {‘ ng¢ ion. A]t ho gh eobe e 1ndependent cople of Y ¢he e a e

acce ible onl fo_ a fe‘Z pa, et ime pomt fo each eq . The G ian p _oce e X; and
mea  eme ime 7;;, fo, 1<z<nand1<]<m,,aea med 0beto[a;?(1ndependent he
ppo ed; o

T;j ae aken obeidenicall di  ib eda T, a}l ]th ppo 7 and, he
be 1dentlcally dlt‘.lbr eda When 1nte p.gedio  he data(T,],Y,]),rnodel(l) 1mp11e hat

E{Yi(Ti). .. Yi(Tim)| Xi(Ti1), -, Xi(Tim,) } = H g Xi(Tip}. 2
j_

Thea » n ion hat X g model (1)1 Gab ianp_o_ide aplab ible ,a_of hnkmg ocha 1c
phope%le on(t) fo a% e tin diffe ey paLt ofZ, o ('hg d a hg a eob e \edat eachtlme
poin, canbe ed fo, \1f1fe ence abq £, .€ \'15 e of Y(t) fo an)'/3 pec1ﬁc a ¢'of 7. The idea
of pooling dg a ac o " b]er:t (O o\e' .come 'he pa, ene lem i m0[1 ated a in Yao
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et al. (2005). The llnk{‘ ngiongi a med kno,n; fo, e ample e migh eleg ; he log} link
1n he bina, dataca e, g(x)_e p(x)/ +e p(x)‘i and he log- lll’lﬁ fo, cq ) 1 dat aj, nde, ome
01 m  ance ,, he link can al obee 1mat ed non- pa, ametklcal . Ani 1mpota pecial ca ¢ of
model(l)l hat of bina, Ly .epone,ie0 ldata he L€ heﬁ entlt inmodel (1) implifie (O

P{Y(t))=11,...,Y(ty) =1y X} = Hg{X(t,)}l [1—g{X)H}'" 3)

]_

fo_ all ce, ence l,....l,of 0 and 1. Inthi ca e, he hnk{‘nctlong ld bechoena a
d1 t»lb t10n§ ng ion and he mg hodology p.opo ed co,e pond  oane ten ion of{‘ ng ional
dat a analy 1.0 longlm d1na1 bina, dat a.

2. Estimating mean and covariance of latent Gaussian processes

To, e model (1) o make p»edlctl e infe_ence abg ot {‘m € a{‘ e of Y(t), enced oe 1mate
¢ he defining cha, actel ic of hepoce X, ie } meanandto a iance tmct, e. lna G ing
he e hedi, i 1on of Y can be comple el pecified, e.g. in bina, datamodel (3), one

po 1ble apphoach‘zo Id be ma, 1n%t m likelihood. Thi i ,ho_e e ad1fﬁ '} p.opo jioning he

i, eg la_cae, heelt vd o 1d nece ltate he pemﬁcatlono aM ge 1), mbe, of pa, ame e, fo,
the a, 1q, mean and co\allance ¢(hg a ein ol ed, a diffi hich can onl_ be o : come

b, in'oking, e iGiea Spion, 11m1t1ngt\éﬂ‘é lblhtyOf e app, oach. Mg, eo_e , eaLe

con idg ing a non- at'lona ca e, and he i mbe, of pa’ amg e, Q 1d need, o 1nc\éa e

n, he ample ie. Fmal nq he, ma]o mo i g ion i (08 end he {‘ ng ional app, oacﬁ o

non- Gaﬁ ian long1t d1na1 data To u ta1n he Non- -pa, ametklc ﬂa ve p.efe, nq (0 make

t .onge a , mpion han model (1), and in pa%l% laL edon \J[‘h omake he etyl(.‘tl e

» M ion hat Q ld be nece a (0 emplo_ ma_ m{‘ m hkehhood mc—:t hod .
O N apphoachl ba ed on he pgo jlon h he a , ig ion of X; abq bt } meani  elgi ely

malil In pa, 1% la me 'ﬁ

oy ©
Xi([)zﬂ(t)+5zi(t)a p=EX;), C))

Zii aGg ianpoce ih ¢ omeanandbgq ndedco a ianceand>0i an, nknogyn mall
contant.'Inthi cae, a mlngthat g ha f bo ndeh'del atl e, and \t»]tmg (X,Z)fo_a
gene, ic pai, (Xl-,Zl-),‘!e ha\e'

9X)=g(m)+6Z gV () + 36 2% gP () + £6° 2% 9 (1) + 0, (8%, (5
Elg{X0=g() + 38> E{Z*®)} P {n®} + 0(5*) (6)

and
co [9{X ()}, 9{X )] =62 gD {u()} gV {pum} co [Z(). 2} + 0% @)
Hee and  h q ghq e make che a  mpion  hy g doe nq _anih, and  hg

ot Y
1aneD{g(1)(s )} >0, yhe.e Di  he (compag ), ange of he mean f ng ion p. S§, ing

a() = E[g{X®}],
v()=g {a®}, (8)
(s, 1) =co\['g{X(s)},g{X(t)}]/g(l){u(s)} g {u®},

ve ob[ ain
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pH=E{X®0} =g~ (Elg{XD}D+ 0 =v(t) + 0, ©)
co [9{X()}.g{X(}]

9 M)} g {u}

The e fOLIIb lae irznmediat el, , g8 ¢ t.imat o, of yand o, if‘!e ae “illingt 0 negle(‘t the
effect of o, de, O(67). Indeed; ve may e imge

o(s, 1) =co\{'X(s), X)) = + 0% =7(s, 1) + O(8*). (10)

() =E{Y(®} = E[E{Y(®D|X(1)}]= E[g{ X () }], (11)
by pa inga moq hehthkq1 ghthe data(Tij,Y,-j),andetimate
B(s,0) = E{Y(s)Y(t)} = E[g{ X (s) }g{ X (1) }] (12)

(b, » ing model (1)) b_ pa ing a bi ahiate moq he, th»% ghthe data (T3, Tir), YijYu) fo,
lzi‘én o chyhg m; > ,andlgj,k\'m,-vithj;ék.lt i nece a ytoomitthe diagonal e, m

int hi moq hing (P, ince accoydingt o model (1) ve ha: ’
E{Y*(} = E[E{Y>0)| X }]> E[E{Y()|X (0}’ = E[g{X (1)} P*,

vhene e, a{Y®X®»}>0, o ¢ he a iance alongt he diagonal in gene al ill ha e an e (.a
L Sy . . S BN 5
Compo}l'ent, leading 0 a co_a, iance o face, hg ha adi con in § along he diagonal. Mo, e
dq ail albq‘t ¢ hi phenome}l'on can be f% nd in Yao et al. (200531. Implemen, g ion of  he e
moq hing ‘tep ,b " ing local leat LN ae etimat o ,1 di T‘ ed in Appendii A.
Fom he e }inge imgo, aandfofaandf e pecti\eiy,veob[ainetimatq

v =g {a®},
(1 n 13)
(5,0 ={B(s,0) — a(s) a(®}/ gV {v ()} ¢V {v ()}

fo
v(ity=g Yo},
(5,0 ={B(s,0) — a(s) a0}/ gV {v(9)} ¢V {v (1)}

.epegiel.B Lm e ofapp&og img ion (9)and (10) yema inep g vand7Ta e ;imgo, of
w and a:élype%ité]y, e ye g v Y

(14)

u@®=v(,
o(s, 1) =1(s,0).

5)

The eey img o, donq depegd on; he con (3 0, ‘lhi.ch‘t hefefobe doe nq neefdt o be knpvn
0, ¢ img ed. Alt hou ghtheetlmat o 7(s,nH1  mmg,ic,} vlll gene_al nq enjo, the po j1e
emidefini ene p ope, . hg i, ce i edof aco a, iance f ng ion. Thi deﬁciency canbeo_e *
come b implemen, ing @ m¢ hod hg v de chil\)‘éd in Yao et al. (2003), vhich ijodopfo
¢ he pe(ypal decompo jion of 7 ho e;e m  hg co e pond oneggi eeigen a{t e.}1eca
(0 hoy hg,indoing o, he mean- @ aede, o of 71 | il imp o’'ed by omj, ing atehrﬁ
hat co,_, e pond oanegati eeigen_al e; det ail canbefo nd1 Apperﬁi, Igfln hat follo,, ,
t e t . . b . LI 5 YUy
ve \!O*k " h he e linge ima o "7 a defined in Appendi B.P ope ie of hee img o
aand 3, and v and 7, vhich a, ¢ defined g e p.e ion (32), (33) and (13) e peg i ely, and of
¢ img o, pando g e p.e ion (15) a e di G ed in AppendiX C. >
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3. Predicting individual trajectories and random effects

3.1. Predicting functional principal component scores
One of he main p , po e of he { ngional dg a anal 1 model p opo edi dimen ion#eqt c-
¢lon b g ghp edig ed FPC co e . The elead; op, edig ed, ajeg o ie of he, nde&bing hidden
Gg, ianpoce fo  he  bjeg ina . d Specificall . he p ediged FPC co¢ p.o idea
mean fo, ,eg laiing hei eg la dga, d al o fo, dimen ion  ed; g ion, and can be [ ed
fo, infe ence, di ¢ iminan anal i o, ege ion.

The  a ingpoin i che Ka i nen Lo \e'eg pan ion of andom, ajeq o ie X; of he LGP,

X0 =0+ 32 650500, (16)
z

vhe&e )j a, e he oy hono, mal eigen ng ion oft helinea, int eg al ope g o, B \zjt hke nelo(s,?),
(hg map an Lz—{t ngionf o B f(s)=[o(s,1) f(r)dt, ie. he o] ion of

/ co,{X(5). X)) () ds =0, (1.

vhe&eﬂji theeigen a{t & hat 1a ociat edvitheigen{t ng iony;. The&;;=[{X;(t) — p(®)} (1) dt
a e he FPC co.e pla_, he ole of andomeffec , i1 h E(;)=0and a (§;)=0;, ,hee
-t . L 14 (s e Ct]t 7= AN PR ™
0ji  heeigen al eco,, e ponding o eigenf ngionv;. 8ncet hee img o, q\('s, ) (15) ha been
det eLmine:d,t Ikco»e ponding e ¢ imat e ¢jand1; of eigen aL e and eigen{t ng ion oflat en
p.oce ¢ X aeohained b a  anda ddicgi aionpoce hehebythe ce imge ae
deiedfomadicge pLin)c':ipal componen, anal i ep.
c'aim o e img e he be linea, p, ediqg o,

R

E{X;OIYi1,....Yim} = > E&jlYi1,....Yim) () a7
Jj=1

oft he“ajec‘t oi) X, gi\enthe.data Yit,. oo, Yim;. He&.e ag,, ncy ion oft he e, pan iont o) inc%1 de
onl  hefi M comporien, i needed. Then, fog ingon hefi M confilt ional FPC co_e
\lﬂ allo‘m (0..ed, ce; he dimen ion of he p oblem and al 0,0, eg la i e he highl i eg la,
dg a. Acco, ding; 0 ce, a ion (17), he, a k of  ep, e en ing and p, ediq ing indi iqt al ajeq o, ie
can befeq‘ .cedt' Othat ofetimat .ing ElYit, ..., Yin). In \zhat follo‘l ve (célop a P itable
app, o, img ion in he non-Gab ian ca e b, mean of a momen, -ba ed app, oath, a ollov .
The»epeat ed mea paomen pe bject aea med, o be gene, g ed by

Yie =Yi(Tix) = g{ Xi(Ti) } + eik, (18)
“ithindependent €.0, ¢€ik, ati fying
E(eir) =0,
3 i) =~ vlg{ X:(Ti) }].

Hee, 72 i an nknovn ahiapce (o e di pe_ ion) pa,amg e, and v(-) i aknoyn ‘moq h ai-
ance f, ng ion, , hich1 de?é&mmed b thecha age i ic of hedga. Fo, ¢ ample, in he ca of
.epeg ed bina,_ ob ¢, g ion , one v Id choo e v(u) =u(l —u). In \zhat >f0110‘z g€ implicit 1y
condy ion on he mea | emen  ime T;;.

Wih a Ta lo, eie e panion of g, , ing e pe ion (4) and a , ming a befo e ¢ hg
. 0 Y S o S v
inf{g"” ()} >0, e oh ain

g X0} =g{un®} +gP{uOHX®) — p@®} + 0(8%). (20)

19)
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Defining
. eik
o g“){u(Tik)}’
—g{(Ti) }
Ui = p(Ty) + —2 VRS
i=nh+ T

e p.e ion (19)and (20) lead 0 Uix =X (Ti) + gix + 0(6%). We ne timteetimate (15)
ande L0, Sik by

vg{u(T) 112
gD {u(T)}

he e he Zj;, a, e1ndepenc1ent copie of a anda d Gaﬁ ian N(0,1) ,andom _a iable, o hat

heﬁL tt‘Zomoment of €jx a,eapp, o img 1ngtho eof gix. Then, fo, mallé, Uy~ X; (T,k)—i—e,k,

1mp1y1ngthat
EjlYit, . Yim) =E&jlUn, ..., Uim) ® E{& i1 Xi(Tin) + €1, .., Xi(Tim;) + €im, )

eik = ZikY

0) 1ngt0 he Gaﬁ ian a mp[10n fo, latent p.oce ¢ X,,the la cond1t ional e, pectatlonl
een obeahnea f, ng ion of he,e m on he, igh -hand ide, and he efo, e

E&ijlYit, ... Yim) = AijXi (@2))

ia.cea onablepkedlcto foythe andomeffect f,], he, eXi=X;(Ti)+¢éi1,....X; (T,ml)—i—e,ml)
and he A;ja emg ice depending onl)[ on -y, i, v g and g . The e LN an jie a eelt he, knovn
o, etlmate a, e a ailable, (i h he ole ¢ cep[10n of v, he e 1mat1on of thh 1 di G ed
belo The e, pllC]t\fO m of ce, ion (21)1 gi fvn n Append1

3.2. Predicting trajectories
Mo 1& ed by ce, 4 ion (16) and (21), p&edlc‘t ed“aJect o.ie fo, ¢ he LGP ae Ob[ ained a

Xi)=E{XiOlYi1, ..., Yim; } = p(®) + Z AijXi (D), (22)

j=1

and p, edig ed, ajeq o ie fo_ heob e, fvd poce Ya

Yi)=E{Y;®OlYi1,...,Yim } =g{Xi(D}, (23)

he e t m be an;ime poin, 1th1n he ange of p oce e Y, IHC{‘ ding ime fo_ _hich no
v o ny - ¥

.epone b ¢ ed. P, ecllct ed a{‘ e fo Y(#) can omg ime be ed o p&edlct ¢ he entl e

.epone 1“11%t10n hen  hemean'dg ¢ mine (heeniedi, 1b 10n N ch a in binomial and

Poi oncae.Thi mghod cq Id al o be emplo ed fo,  he pﬁdl(‘t ion of mi ing a{‘ e ina
! atlon he emi ingdgaoc qal § ,.andom.

v § -t

Toe a{‘ at e heeffeq of g,  ila & e anjie on he p, edig ion, eaco - alidgionc i-
e compa, e p»ecﬁct 101’)1’ of ¥; h1ch a, e oy ained b Yea mgt hg ob\é (avt ion Q

tehlon sy vt
v]th Y,k]t elvaomR‘tmg

k (—ik .
Vi = EClYit oo Yigot, Yokt Y =g{ X, (T}, 1<i<n, 1<k<mi, (24)

yhe.e
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—ik M
X T =0+ X EElYis o Yiro 1, Yigr s Yim) &), 25)

j=1

ve define, he Pea, ony ype veight ed p edigione o,
(~ik) )
Y " —Yi)
PE() =3 — o, (26)
ik v[g{X; T (Tu)}]

hich y Il depend on he a&ignce pa_amg e, 72 andl implicitly al o on he n, mbe, of eigen-
ﬁ ngion M, hat ae 1ncl1 Jad in he model; ee ce, g ion (19).
We fq, nd hg he follogingj e g1 e elegion p oced , e, fo, choo ing he 1, mbe_ of eigen-
ng ion M andt he o eLXi pe, ion pajame e, ~2 inb ]taneor ,ledt o good p.ag icalheu ]t :
choo ea  a, ing al&e . M hen ol ain ~y by minimi ingt eco -f}lidat ed p»edict ione o,
PE yih,e peg (0%,

v=ag ngin{PE(ﬁ} 27)

Then,ina b ce en (ep,, pdge Mkz) the'c.,ﬂite,ﬂim'lt hat i .de c&ibe'd beloy,, and, epeg the.e
(wO (°P 4 ntllthe al e of M and =" abili e. Thi tegie algo, i hm g0, ked (c:y yellin
p.aqice;  pical  a, Ing \a{t e fo M Q Idbe2o_ 3. Y

Specificall_, fo, ¢ he choite of M, vt adop[ aea i-likelihood-ba ed {‘ ng ional info&mat ion
c.teion FIC hg i ane  en ion of he Akaike info_ mg ion ¢ i ¢ ion AIC fo, { ng ional dg a
(‘ee Yao ez al. (2005) fo_a elged p ¢ do-G} ian likelthood-ba ed ¢, j ¢, ion). The n, mbe, of
eigen{‘ ng ion M’t o be inc{‘ ded inthe model, 1 cho enin » cha_a a ,ominimi e

vy “© ot
Yik Yii—t
FIC(M)=-2 L
0 ,zk: v ()

dt+2M. (28)

The pena]t 2M co,_, e pond (Ot hatv ed in AIC; Q he_ pena]t ie " cha tho e co,, e ponding
(O he Ba g info, mg ion ¢ j e ion BICcq Idbe, eda ell

Some 1mple algo, } hmic, e iqion canbeimpo edin hi }e g ionfo_; he choice of M and
7 o, hg loop cannq happen, a} h({t gh e ne e, obe ed hi o ocg, ;.- Weal oin e igged
dihect minimi ch ion of ce, ion (26) in{t ]taneouf fo, }10[ h v and M. Be ide beirﬁ' con id-
e abl, mo e comp, inginen i e, hi a}e ngi eminimi gion cheme ended o choo emo e
componery and e ledinle "pa imoniq fi \zith%t ob aining bg ¢_ p, edig ion . In  ead
of makinga pa, amg ica ; mpionabq,  he a iancef ngionv,in omecae } ma bep,e-
fe able,oe img e} non—pahametkically. Thi can be done \i'a emipa, ame., ic ¢, a i-lielihood
.ege 1on(Chiq and M lle , 2005).

4. Simulation results

4.1. Comparisons with generalized estimating equations and generalized linear mixed
models
The imﬂ 1.9t ion e e baed on lat enp poce e X(1) ith mean {tnct ion E{X(0)} = u() =
2 in(mt/5)//5,and co {X(s), X() } =1 ¢1(s) ¢1() de, i edf oma ingle eigen{t ng ion ¢ ()=
—co (n1/10)//5, 0< 10, i heigen al e A\ =2 (=0, k>2). Then 200 Gg, ian and
200 non-Gaﬁ ian ample o?llat en, pho\cb e con iting of n=100 Landom“21jec‘t o ie each
e.c gene, g ed b X;(®) =pu@®) +&1 6100, vhehe fo, ¢ he 200 Gau ian ample the FPC co_e
}’“ v&© in}t lat eyd f om N(0,2), ,he ea the &1 fo,  he non-Gaﬁ ian anlnple ee ima -
lat edfoma mi e Oft\zo no, mal di t,ﬂlb‘ttlon ‘N(/2,2) vi h p&obablhty 5 and X/(—J2, 2)
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i h p obabilj y % Bina | q  come Y;; e egene geda Be ng Ili }a&iable i h p, obabilj
%{Y,-./|X,-(t,-.,~)} :g{Xi(t,-j))},“ ing he canonical logy link { ng ion g~ (p) =log{p/(1—p)} fo,
O<p<l.

To genehatethe. pa_eob e, ation , eacht»aject 0:)y v ampled g a,andom n, mbe, Qf
poiny , cho en nifo ml fom {8,...,12}, andthe 1 cg ion ofthe mea,, emen e e, ni-
foml di, i  ed o.¢. he domain [0,10]. Fo_ he moq hing  ep ni a ige and bi a -
ige p.od ¢ Epanechhiko ‘zeight f, ngion vy ed, 1.e. Ki(x)= (3/4%1 —x?) 1[_1,1R'x)
and K> (x,y) = (9/16)(1 —)?2')(1 =) 11y T—1. (), yhee 14(x) eq al Tif xeAand 0

. . . . . 2
Q hehvl efo_an, g A.Then mbe, of eigenf ngion M and heo e di pe ionpa amge, v
w&.€ epage eleg ed fo_ each  n byt he 1 ¢ 4 ion (27) and ce a?‘ion (28). The e j ¢ g ion
con ¢ ged fa . ce iingonl 2 4jegion ep inmo cae.
¢ compa, e thé: non-paamg,ic LGP mg hod p,opo ed \zith ¢ he PoR, la_ pa amg,ic
app, oache p, o ided b, GLMM and GEE . Fo,_ ¢ he GEE meg hod, v edtheu 0 Gy .ed
co,, elg ion op ih and bg h GEE and GLMM yee  n o hlinea (mg hod GEE-L and
GLMM-L) and in addit ion \!jt h LN adhat ic (mg hog GEE-Q and GLMM-Q) fi_ ed effect . We
efo, ¢ jeiafo  hecompaion, mea  ingdic epancie bg een e imat”e and a, gg
iy 1} (% ™ - » - 1V} t ot
bqhm em oflgen poce e X and e ponepoce e Y=g(X), and compa, ing bg h
e imge fo, mean{‘ ngion p=E(X)andg(p), e pegi el and p edigion of . bjeg - pecific
.ajec o ie X;andg(X;) e peci el .Thelg,e aea ailabl fo_; he LGP and GLMM me hod ,
-G O »€ PeG F G A ¢ &
t1)1t nq fo, GEE , ‘Zhich aim 3 ™

7 , ginal modelling'r he pecific cyit e ia fo_ ¢ he compa, i on
aea folloy :

XMSE = / {u(t) —pn}? dt/ / 12 () dt,
A A (29)

YMSE= /I [o{()} — g {0} dt / /I Pu} dr,

XPE; = / (Xi(0) — Xi(n} dr / / X2(r) dt,
T 7 30)

YPE = [la(xi0}-g(xo) ar/ | #ixioy ar

fo, i= 1,....,n. S mma, . (&iic fo_ he é}) e of he ecjeiaf om200 MoneCalo, n

a_e ho_nin Table 1.

. The e#en.]t indicg e hg . fi ; ofall, he LGP mg hod p.opo e@i nq en pie o he Gaﬁ. -

lana  mpionfo, lgen poce e.Alhq gh heei omedge,io gionin hechon-Gg —ian

ca e,i 1 minimal. Thi non- en i 4, 0heGg iana j mpionha beende c ibed befo ein
ng ionaldg aanal i in hecon ¢/ of p incipal anal 1 b_ condj ional ¢ peg g ion ( ee Yao

et al. (2005)). Seconal . he non—lineEkit intheta“get {‘ nc[i n thho\z ¢ he ﬁahame“ic mg hod

off  ack, e en dhenhe mo, e fle ible' ad gic fi ed effeg e ion ae, ed. Wefind h

¢ he LGPm\hoaZ con e  clea, ad an age ine imgionande Bécial in p, ediq ing indi iqt al

(najego e in ch j 3ion. Wheea  he pa ame, ic mghod ae”en jie o iolgion of

a r'r(lip[ ion ,th? LGP‘m§t hodi de }ilgnedto vo&kb nde, minimal a | mp16n and, he efo e
o ide a  ef lale nai_eapp, oach.

p.o\lde a, £ lt,at\'pph

4.2. Effect of the size of variation
Hee ye¢ amine he inf], ence of ‘he i e of he a iaion con an & on model e img ion,
inc{t ding mean % ng ion, éigen% ng ion and indi \1' "al, ajeq o ie . Inaddjion;oc } e ia(29)
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Table 1. Simulation results for the comparisons of mean estimates and individual trajectory predictions
obtained by the proposed non-parametric LGP method with those obtained for the established parametric
methods GLMM-L, GLMM-Q, GEE-L and GEE-Q, with linear and quadratic fixed effects (see Section 4.1)

Distribution Method XMSE X PE; YMSE YPE;
25th 50th 75th 25th 50th 75th
Ga“ ian LGP 0.1242  0.1529 0.2847 0.7636  0.0076  0.0101  0.0205 0.0433

GLMM-L 04182 0.3405 0.5843 1.283 0.0265  0.0278  0.0369  0.0577
GLMM-Q 04323  0.3479 0.5990 1.319 0.0271  0.0285 0.0377  0.0584

GEE-L 0.4168 0.0264

GEE-Q 0.4308 0.0272
Non-Gg, ian LGP 0.1272  0.1664 0.3166 09556  0.0078  0.0109  0.0228  0.0459
(mim“e) GLMM-L 04209 0.3309 0.5943 1.364 0.0266  0.0280  0.0372  0.0589
) GLMM-Q 04373  0.3385 0.6118 1.404 0.0274  0.0287  0.0380  0.0597

GEE-L 0.4227 0.0268

GEE-Q 0.4396 0.0277

TSin{‘ lgion Jee baed on 200 Mon e Ca, lo m ih n=100 ajeq o ic pe  ample, gene, ated fo_ bqh
Ga, ian and non-G: ian | I?poce e. Sl 310n e Jt ae epo ed ho“ ghnmma (qlilc fo €.0,
¢.ieia XMSE and SE (29) elaie qﬁ aede, o, Of; he mean ng ion e img e oPa e p.oce e X
and of e ponepoce e Y,and he 25th and 75 hpe cey ile of, elg i ephecilc[ ione o, X E; and YPE;
(30) fo indi 1q‘ al; ajeg o, ie ofiat e and e pon ep,oce ©.

and (30), 2‘le al oe a{‘ 3 ed hee 1mat ione o, fo,”t he ingle e1gen§ ng ion 1nt he model (no[ ing
¢ hg J7 o1 dz_I}'

EMSE = /I (1) — 1 (D} dr. (31

U ing he ame in% ation de ign a in Seqion 4.1 and gene, g ing I en, p oce e X(1;0) =
w0+ 6&1¢1(0) fo, _a__ing b, lat ed 200 Gab ian and 200 non- Ga0 ian ample (a
de ¢ ibed befo e)fo e)étchofgz 05 0.8,1,2. The Mon e Ca,lo e " 0.8, 200 n fo_ he

a10 al e oféae e en ed in Table 2.
g3 p.c e

Table 2. Simulation results for the effect of the variation parameter st

Distribution 6 XMSE EMSE XPE; YMSE YPE;
25th 50th 75th 25th 50th 75th

No, mal 0.5 0.1106  0.7662 0.1188 0.1815 0.3366  0.0068  0.0077 0.0119  0.0205
0.8 0.1205 0.3801  0.1430 0.2437 0.5710  0.0076 ~ 0.0094 0.0171  0.0338
1 0.1280  0.2434  0.1513 0.2809 0.7857  0.0077  0.0101  0.0203  0.0431
2 0.1616  0.0429  0.2025 0.3851 0.8137 0.0102 0.0144 0.0362 0.0752

M&w . 0.5 0.1134  0.7198 0.1243 0.1913  0.3651  0.0071  0.0081 0.0126 0.0217
0.8 0.1258 0.3910  0.1498  0.2563 0.6691  0.0078  0.0100 0.0188 0.0366
1 0.1323 0.2256  0.1624  0.2986  0.7944  0.0081  0.0113  0.0227  0.0450
2 0.1633 0.0397  0.2041 0.3840 0.8140 0.0103 0.0158 0.0387 0.0768

De i ignand o, g, of he im Igionae he amea inTable 1. EMSE denge he a e age in eg g ed mean-
LN aede, o o e ¢ img 1ngthe fi, elgen{t ng ion. N
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We find o b Aty ial en }1 1t of he ¢ o EMSE in e img ing he eigen% ng ion on  he
al eof 6. Thi 1 cg edb  he ?latc“hat a 6g& malle , inc_ea ingl mo, e of he a ig ion
1}1'the ob e ed datal e oe,o,  ghe han o he pg e n ofthe nde 1 ing Lt}P and
¢ he efo e j b\e'come 1nc ea 1ngley diffig, } t0 e 1mate he eigenf, ng 1on. Thl i"aloobe ed
1n o, d1na FPC analy he ¢ o, ine imgingan e1gen§ ngioni cied o, he i edf
} a ociged eigen a{‘ e he la . 8 L,the bette& ¢ he e1gen{‘ ng ion can be e 1mat ed. A} ho gh
la, ge \a:{‘ e of éinClea e he €.,0, In p»edlct ing indi 1(% al aje(‘to ie ,thl i Jthm e pec-
tatlon fo,, he p&edlc‘to phoce e X,thl 1 becab e he a 13t ion of indi ldu althajec[o ie
Incea €, he ea he bina_ ng, e of he e pon e impo ¢ con amt on Ho n{‘ch of hi
a, ia ion i eﬂected in; he ‘pa_eob e g lon ; fo the e pon e p.oce e ,the €.,.0, inc, ea e
y ch mo_e, thh i becab e he bia e 1h he app, o, ima ion  hg a, e, ed fo,_  he e phedlc—
¢lon a einc, ea ing 1th6
Thee o ine 1mat mgthe mean g ng ion | emain fai, ]? table a longa 6<1.Thi i
e pecial and ng , ne peg edl obe edfo, he mean of p, edicto p.oce e X, incethi
mean ¢ imatei no afffect edb anﬁ app, o] 1mat 1on ,0,.. We conc{‘ de h nle 61 la_ge,
b oeag \a{‘ eha a mall effect on, eewoL in mean%nct lone imge andamode ¢ effeq on
¢ he e, 0, Imindi id, al p,edig ion , and ,enq e hatt e (,.ong effect on hee o in elgen{t ne-
t10n e img ion dde nq pillo e 1nt0 he p.edig ion fo, 1nd1\1'db al;, ajeq o,ie o, he mean
(t ng ione 1mate a he effec[ 17 mj igg edb he m, ]tlphcat ion ]th 6.

5. Application

P, ima, bilia&y ci,hoi (M, g gheral,1994)i a aeb  faalchoniclie dieaeof
nkno ncg © ithapye alence of abg,, 50 ca e pe, m11110n pop la ion. The d4 a _ e e col-
lect ed bg  een Jar{‘ a 197%and Ma 1984 b ¢ he Ma o Clinic ( eeal o Appendi, D of Fleming
and Ha  ing on (199131) The pg 1ent ee cheq‘ led oha emea g, emen of blood cha ,ag e -
ijic g 6m0nth 1 ea, andan% al ‘he eaf e, po dlagno\‘i Ho‘ze €., 1nceman)(1nd1 1(% al
m1 ed ome of hei, ched“ led 1} ,thedataae pa eandi eg la, “Jth nee, d r{‘mhe& of
.epeg ed mea emen pe bjegc and al o a*ymg mea Lement t1me Tij ac, o indi_id, al .
To demon“c} e hey ef Ine of hemg hod p.opo ed, ye, ¢ .1 (heanal i o he dht ic-
1pant 1 ed g lea 10 _ea_ (3650 da ) ince  he ente edche  d ahd o eah eand
hadnot hada \'n plant 3tthe e)hd of; he IQh ea, . Weca Ut % analy 1”on hedomam om
0,010 ca, e plo, ing; he d namic beha iqr, of he p, e ence ofhepat omega]y (0,no0; 1, e),
thhl a longlt dmal]‘) ,.ed Be nou\l'h a, 1able 'th pa, eandi .28 la,"mea  nemen,
g e ence o_ ab ence o hepat omegal ecc}'ded onthe da he e he pg 1ent ae een.
We inc], de 42 pg ien, fo, vhom ato[al of 429 bina, e pgn ¢ yo e ob e ed, vhe e he
q‘llanbe of , eco,ded ob ¢, atlon .anged fom 3,012, vlth a median of 11 mea {  emen pe

je

* We(‘templo a logi ; ic link {; ng ion, and, he mog h e, imge of, he mean and co \z: iance
{‘ ng ion fo; he - nde lymg p.oce X(7) ae di pla_ed in Fig. 1. The mean g ng ion ofthe

, nde, Ling phoce ho an inc ea ing end  n il abq, 3000 da_ , e . cen fo_ a ho, dela
at the eginning, and a b ca, en dec ea e, oya d  heend of; he‘V ange of he dg a. We al ©
p.o_ide pomt i e bog thap conﬁdence in e, al thh b, oaden (not ne, pect edi)é nea,  he
end omt of he domain. The e 1mat ed co_a, 1ance face of X(¢) d1 pla ,.apidl  dec ea -
ing co, elg ion a | he diffe, ence bet een mea_f, em 1me incea e . W]tﬁl a, 1ance { ng ion
v(u) _u(l — 1), helte dtl e pkocedb e fo, ele 1ng he? mbe, ofelgen{‘ nct}bn dndthe & -
lance pa, ame e, v, hg i e ¢, ibed in Seq ion 3 2 jelded he choice M =3 fo_ he 1, mbe,_ of
componery 1nc{‘ ded and ’y =191fo_ heo 6 di“pe, 10n pa, ame ¢,. The lea \e one pomt

™
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{ (hoee eigén{t ngion of he nde{}ing Gy,
¢.e made in  he ¢/ g i e eleg ion p, oced
cap, .ed b hefi | 0 Jeading'eigenf ngion . T}
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e

i
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Fig. 2. (a) Plot of PE(y 2) values (26) of the final iteration versus corresponding candidate values of 2,
where 52 minimizes PE(y?) and (b FIC scores (28) for final iteration based on quasi-likelihood by using the
binomial variance functlon for 10 p053|ble leading eigenfunctions, where M = 3 is the minimizing value (for
the primary biliary cirrhosis data)

We find hg  he o e all,; end of| he p, edig edthajecto ie Yi(1) agee e llgihcheob e ed
longlt dinal blna Q come , and lea e-one-q, anal inge atlon (24) conﬁhmed h1 n
mdklngt he compd, i on bet eenob e \%:d dg aand fi; ed p,.obabil e need, o keep in mind
¢hg ( he Be nqg, lliob ¢ atlon con i ®r0 o 1, heea  he ﬁtted p&obabilit ie and, e pon e
p.oce € ae con (.ainedjobe | ig ly bg een 0 and 1. The&efohe, long 5 n - e e peged fo,
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e, Jemeca e cha h:at in Fig. 4(b), he e eﬁtteli; ng
he/da a. Gene all_,in gene ali ed e pon ¢ model %
o, /he condj 1onal a, iance of| he ob e #lon ,gie he1
» D¢, plained b_ a model and onl_  hé pkobabllt'e th
madelled, hlgh a, ¢ plain only ayely i ely mall po, i
ha 1 eenm hedata

Toﬂ{‘ (o ate%»t Btl ical ghal i afe, etlm e fo,
g.e oFPC cg e gf he | nde§1gG%

oneg,

mto hemd SFO h elonofe
odyel Y

M

E{X()]S}=p()+ 3] Ef)l

j=

et al., 2004). We demon |, g e, he ¢ img ed/ eg e
'=1,2in Fig. 5. The f{ 4 eob[amedb focal ling
localligea, moq hing. The, eg e io indic{
1 ch 1nq‘ enced b age g en, - yhe.ea ¢

n inc ea e non-lined | fo, age tie 5 ea
.eponeg, e heefoe 0 e Ing ea ing

c of  he a ¢ ag inc&ea ecp epond o,
age g en“yi a ocig ed i hing ea ing
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6. Discussion

The a ion of mall ¢ implie hat the a 1at ion 1n he lat eny p,oce X1 a " medto be

llmlted acco, dmg 0 he a » MR ion X (1) —ﬁ'(t)—i—éZ(t) We nq e hat the mall 6 a . p[ion

doe nq affec[ the met hodolo p.opo ed, fo, hlch he a% e of 61 ng needed and pl

,ole. The e imato p.opoedal,a . a , 8¢ and ae c0n1 teny fo, he nie, e LGP X, h1ch
t vy ¢ ‘Ig

i cha, L ag e 1 ed by mean { ng ion (¢) and co_a, 1ance{‘ ng ion T(S t), a defined in ¢, pLe ion

(8). Hove e, bia'e ma_ be acg, ed fo, ,e poh epoce e imge ande pecml]y phedlct ing

indi i al\é on e, ajec o ie fo hecaeofla eo.
\'(1‘ N p t»‘]ct g » »g



720 P, Hall, H.-G. Miiller and F. Yao
Up(s,0)= 3 Y3 TTy Kij(s) K (),

iim; =22 j,k: j#k
Tqr = qr/UOOs

Z= U(fol > DD ZipKij($)Ku(n),

iim; 22 j,k:j#k
R=RyRop — R,

Z,,k_Y,,Y,k, Kijt)=K{(t—T;;)/h}, K1 ake nelgnc‘tlon andhabandv h. Ofco SN 1d ng
e he ame band 1dth ocon G a and 3; ves pecttheapphopklateban 1dthfo ﬁtogela ge han

fo, a.
% haand[ﬁ'a econ en ional, e, cep[that dlagonalte m ae ormtted hen con ctmgt he latte The
data 1th1n hezthblock'le B;={Y;;fo, 1<i<m;},a enq independery ofoneano[he B ¢  hen block
ajecto e By,...,B,a emdependent The, _efo, e, alea eone, ajeG o, Q¢ & ion ofc o - ahdat ion
(Rlce and Sil \e' man, 1991) can be ed o elect the band\'ldth fo, ey hg e 1r}1'at 0,. ht

Appendix B: Positive definiteness of covariance estimation

Sincet hee t imat o, T(s,0)1 ymme“ic, ve may wit e
mn=i@%@%m (34)
J=

vhe e (9,,1;; ) a_e (eigen a{t e, eige 5‘ ng ion) pai, of a linea, ope, g 0, A in L> _hich map a f, ion f
t O¢ hef) nctlon A(f) vhl\hl defined b, A(f)(s)= fIT(S 1) f(®) dt. IEI e, plained afie e at1on (1 ho
he ee imge a eob[alned Ay ming; hg on aﬁmte mbe,_ 0 he”é) a_enon- e o ¢ he ope, c}
ill be po ]tl e emldeﬁn]t eo,,ce i_ale ill be a pkope co a iance f ng ion, 1f and on each
Ef >0.Toen et hi p.ope; ecom}%tee dtIOIl (34)% me, 1ca11y\'ndd op; ‘ho e e.m hat co;.e pond
tonega\t1 eé]u gi 1ngthee 1mat0

Ts,0= > 0;%()v;0. (35)

j=1:0;>0

The modified e ima o, 7 i nq 1denthlcal (0 7 if one o, mo.e of ‘he eigen al e 6; ae tkl(‘t]}
Ir;eag:raéls in chcae,thee 1mato Tha 1(‘tlygheate Lz-ac% ac, thanT,‘l%n 1e eda an e

Theorem 1. Unde, , eg, lajty condjion , } hold  hg

[¢-ri< [ e o
72 72

Topoe hi, ve ho condltlon (36)hold _jh  iq ince ali _ hene e 7i anony,i ial
modific 1\0n ofrule hen 7';2 atl ilhe g ie ong he  ig -hand ide gtfeqﬁy ion (3)13 ema ‘;Eth

lo of gene alj ode hetem o ho eco, epondmgtonon- €00; axeh edﬂft,fo 1<_]£.]
ay andej_Oc?'l fo, ]>J+1 The e encewl,.. %, 1 nece a il o, hono mal, and emagchooe
Vig1> P2 O he{tll ce, ence 1>%2,... 1 o hono, mal and 4l ocompleteln hecla of 9 ac
1qe&able£n%1on onI )
We ma_ he_efo, ee pL het eco aiance 7in g m of hi eq ence,a acon ent 10nale pan ion
Y v N £
in a gene’ali ed Fo e 1e

6.0 =303 i s) U (), 37)

j=lk=1

vhebe ap= fIZ T(s, ) 9 ;(s) P (¢) ds dt. Ex pan ion (34), (35) and (37) implyt hat
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. F—1’=2>ay+ _Zl(a././ -0,
> =

Jyk:j#k

/ - =YY+
72 j=1

Jk:j#k
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v o[g{ (T }]

Okl ECO\('Xika Xir) =Zj: 00 (Ti) ¥ (Tip) + Ou T T}

vhe»e Oul ce, al 1ifk=/and 0 O[he»‘zi e, and

4=% — Eiy= (m —g{pT)}  Ya —g{u<n1>})T_

gV {wTn} 7 gD {wTn)}

Der}ote co (X:, Xi) by i = (Cik) 1<, 1<m; - Thenthe e plicit fo,m ofthe mathice A;j in ce, ation 21

i gl\:c'n by Y
EG\ Yo, Yo =070, 5 i, (39)

vheke‘ze btit (enb g epe ion (15),vb_ 74 e p.e ion(27),and#;and ;b ¢heco e ponding
i P ige 31 and &igenf nc ion , de’i ed f om (s,f),oohain, hee,imaed e ion
¢ imge Io, elgen\a{t and eigenf, ng »deied o(s,f) o oh ain; t & .

v

References

Boen e, G. and F aiman, R. (2000) Ke nel-ba ed (‘ ng ional p, incipal componen, . Statist. Probab. Lett., 48,
335 345. i

Cheng, M. Y., Hall, P. and Tj, ¢ ing on, D. M. (1997) On_ he h, inkage of local linea, G € img o, . Statist.
Comput., 7,11 17. N

Chiq, , J-M. and M lle,, H.-G. (2005) Etimg;:d etima§ ing ce, 3 ion : emipa, amg, ic infe ence fo, cf ¢ ed
and long'u dinal dqlg. J. R. Statist. Soc. B, 67, 531 553.

Chig, ,J. M., M lle , H. G. and Wang, J. L. (2004) E ng ional _e pon e model . Statist. Sin., 14, 675 693.

Diggﬁe, > I, Tavn, J. A. and Mo_eed, R. A. (1998)Model-ba ed geo ¢ atitic (\!ith di % ion). Appl. Statist.,
47,299 350. Y

Fan, J. (1993) Local linea, ; eg e ion moqhe and, hei minima_efficiencie . Ann. Statist., 21, 196 216.

Fleming, T. R. and Ha, ing on, D. P. (1991) Counting Processes and Survival Analysis. Ney, Yo, k: Wile, .

Ha hemi, R., Jacqmin-Gadda, H. and Commenge , D. (2003) Alg ey p,oce model fo, joln modeling%f e o
and ma, ke, . Liftime Data Anal., 9, 331 343. v
Heage“%x P. J. (1999) 1\/Iahginally pecified logi  ic-no, mal model fo, longim dinal bina“y dg a. Biometrics, 55,

688 698. )

Heage, .. P J. and K .land, B. F. (2001) Mi pecified ma, ini‘ m likelihood e img ion and gene ali ed linea,
mi, edmodel . Biometrika, 88,973 985. *

Helaggeét y P. J. and Zege, , S. L. (2000) Ma,_ ginali ed o ]tile fl model and likelihood infe _ence. Statist. Sci., 15,

Jame , G., Ha ie, T. G. and § ga , C. A. (2001) P, incipal componery model fo, pa_ e f, ng ional dg a.
Biometrika, 8%, 587 602. )

Jame , G. and S g4, C. A. (2003) CL ¢e.ing fo_ pa_ el
397 408. Y

Jo‘fg;le% ,9V and %Uadhab, B. (2002) Analy ing longlm dinal cq 1 dga vt ho ;C:dl pe, ion. Biometrika, 89,

Ki kpg  ick, M. and Heckman, N. (1989) A 9 2 g1 e geng ic model fo, 8.0y h, hape, eagionno m and
()[heL inﬁnit e-dimen ional cha_ace_.J Math. Biol., 27 429 450.

% N gh, P'A., Dick on, E. R., Van Dam, G. M., Malinchoc, M., G amb ch, P. M., Lang‘zo lb A. L. and
Gip, C. H. (1994) P, ima,_ _ bilia, _ ci, ho i :p edigionof ho, e m e i alba ed onhepeatebé q leny i} -
Hepatology, 20, 126 134. Y Y TN A

Po, , ahmadi, M. (2000) Ma_im, m likelihood e  ima ion of gene, ali ed linea, model fo, i_a ia e no _mal
‘éo a_iance mapi\,.Biomefr[lrcI}‘i, 87,425 435. L - n}"]t >, 4

PL% N C, Jacqmin-Gadda, H., Taylo&, J. M. G, Gania_, e, J. and Commenge , D. (2006) A nonlinea, model
‘thil laen poce fo cognjiee o{‘tion ingm, }1i i3 e longim dinal dg a. Biometrics, 62, 1014 1024.

Ram a_, J. and Sil e man, B. 22002)\/1/1]711'@5? 'Functional Duta Analysis. Ne_ Yo, k: Sp, inge, .

Ram a7, J. and Sil%kman, B. (2005) Functional Data Analysis, 2nd edn. Nev Yo, k: Sp, inge, .

Rice, J.y(2004) E nﬁ'ional and longj  dinal dg a anal i:pe pegi e on moq hing. Statist. Sin., 14, 631 647.

Rice, J. A. and Sil ¢ man, B. W. (1:551) E, im; ing, Re mean and cd a, jance tig Gp 1€ nonpakamet&ically yhen
the dat ada»e% t\%’ﬂ()]()é?) Statist. Soc. B, 53, 313 ff43. del § A | ed

Rice, J.and W, C Nonpa,_ameg , ic mi_ed effe¢ model fo_ neq a ampled noi ...€ . Biometrics,
57,253 259" AT @ - neq elly y e

Seife, ,B.and Ga ¢ ,T.(1996) Finj e- ample a, iance oflocalpolynomial :anal
Ass., 91,267 275. >

ampled { ng ional da a. J. Am. Statist. Ass., 98,

y i and O{t[ion .J. Am. Statist.



Modelling Generalized Longitudinal Observations 723

Shi, M., Wei , R. E. and Ta_lo_, J. M. G. (1996) An anal i of paedia, ic CD4 cq 1y fo, ace, ied imn{‘ ne
deficienc ndhome“ ing fle_ible, andom ¢ |, e . Appl. Statist., 45, 151 163. ) ) )

§ ani ali ,J.yG. and Lee, J. J. (f998) Nonpa, amg}ic, eg e ionanal i oflongim dinal dg a. J. Am. Statist. Ass.,
93, Y403 '1418. y '

Yao, F, M lle , H. G, Cliffo_d, A. J., D, eke , S.R., Follett, J, Lin, Y., B, chhol , B. A. and Vogel, J. S. (2003)
Sh, inkage e img, ion fo, {‘ ng ional p, incipal componen, ~ co, e vit h applicg ion o he pop, la ion king ic of
pla ma folat e. Biometrics, 59, 676 685. )

Yao,F.,M lle_, H. G. and Wang, J. L. (2005) Fv ng ional dat a anal
Ass., 100, 577 590. Y

Zhao, X., Ma,_ on, J. S. and Well , M. T. (2004) The f nc ional dg a anal_i _ie, of longj . dinal dg a. Statist.
Sin., 14,789 808. b YT v b t

i fo, pa, elongy, dinaldga.J Am. Statist.



