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Abstract

u u u
The S ima ion of a eg e3Sion f-nc ionk, ke nel melhod fo longi -dinalo f-nc ionahdalaiS conSide ed.
In_ he con ., of longi -dinal da a anal, 515, a andom f-nc ion o Ricall ep eSen S a S-bjec ha iS of en

u
Sbugev ed a aSmall n-mbe of ime pointsw hile inlheS ~(}ie5 of f-n¢ ional da a_he andom ealiza ion i$

-S-all mea®- ed on g dene g'id. Hg ¢ e, eSSen iall \16 Same me hodS can be applied, o bo h Sampling
planS, a§, ellas inan-mbe of Se ingS| ing bg, een hem. In hiS pape gepe al eS-15aedej edfo he
as}, mp, o icdiS ib: ionS of egl; al-ed f-nciony, iha g-me hich a e f-nc ional® fo med i, eighled

d

g e age® of longi ~dinal o f-nc ional da a. AS, mp o ic diS 1b- ionS fo he €S imao S of he mean and

cq a iance f-nc ionS ob ained f om noj, obSe, 10n‘§,', h_ he p eSence of;, éfnn—S»bjecl co elaionae
e

§ -died. TheSe a¥, mp o icno mali, €S-15a ecompa able, o, hoSe S anda d, ob ained f om independe

aay, hich is IS ‘a'ed in a simﬁl ion S -d, . BeSideS, hiS pape diSc-55¢S he condi ionS aSSocia ed
w ih Suampling plan°y, hicha e eq-ied fo' he, alidiy of1 local p ope lieS of ke nel-baSed 6:5l ima o S fo
longi -dinal o f-nc ional da a.
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1. Introduction

Mode n echnolog and aq anced compl}ling ey i onmen § hy %facili ed_ he collec jon and
anal §iS of high—d{]mensional daa,0 daa hz ae epeaed| meaS- ed fo aSample of 5-hjec,S.
The epea ed meaS- gme Saeof en eco dedq e ape 1odof ) ime, 5%, on an cloSed and bo- nded
iney al 7.1 alSo co-1d be a Spacial, a iable, S-ch as in image o geoScience applications.
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When he dalaa e eco ded denSe L Qe 1me 1?f ent3 machlne h% ae plca13me med 1fu nc-
ional o c~ v asu%‘ hone obse\ ede- eo f-nc, ion pe s b]ec hlle n longi -dinal 51 dieS
fje epe edmea®- emen S- Stall, ake placeonafg Sca e edob%e a ional ime poin Sfo each
~bjec islgmflcan1 in inSic diffe encebe, eeny oSe 1ngSlieSi in, he ¢ pe cep ion ha f-ng ional
daaa'eobSe e, gdin he con in- ~ng, i ho- nohe [2.3],, he eaS 1ong “dinal da a & eobse eda
Spa 5&:& dlsl ib- led ime poin S and a e of en S- bjec o epe 1menisale o [4]. 119 e, 1np ac—
ice f~-nc ional dalaa e anal, zed af e Smoolhmg n01) obs a ion [10], hich 1nd1ca‘eS hliji he
diffe enceS b , od a, pes elaled o hg, 3 ig, hlchap oblem iS pe cej edaeag-a %
mo € concep, al han ac -al. Dl"he efo e in_hiS pape , ke nel-baSed eg eSSion eslnn 0 ob ained
f om obSe, allons a dlgﬁl? e ime pon;lé con amina ed, éh meaS- emer\1 e 0 he _han
obSe, allonS n_ he con in--m, a e conSide ed fo heSe eali® ic eaSonS. In_he con &. ofke nel-

baSed nonpa amel ic eg eSSion, e effec of Sampling plan on, he S alls ical eS i ,ima 0 SaealSo
ip €S i igq ed.

A, a° liea- e has been dg eloped in he paS decade on he ke nel-baSed eg eSSion fo
1ndepeHlde and iden icall, d1S ib- ed da a, fo s~mma) See Fan and Gljbeﬁs [5]. The € haS
begnS bS an ial ecen 11':)y 1ner gnding he &.i8 1nga mp, o ic eS- 1S of- ncllonal o Jon-
gi ~dinal dala [8,11, 111 91 1Fhe 15§~eS ca 13 ‘hq,\ h1n-Su Jecl co eﬁallonae igo 0~5$
add eSSed in hiS pape . Ha a4 and Weh§ 818 dled he Gasse Melle eSima o of he mean
f-nc iop fg epejed meaS- emen S ob’e  edona eg-la gidRg aSS-ming S A iona, co ela-
10n15 ~c - e,and Shg ed ha he infl-ence of hq, (;lhln-s bjec co elaion onlhe as, mp o ic

| & lance 15 of Smalle o de compa ed o he anda e ob alned f pm 1ndependenl da\)ﬁ and

111 diSappea,, hen heco elaion f-nc 1on is d1ffe en iable a e 0.0- a$ mp o,ic dis lion
e5~]1 iS in fac con 1S v | h hag a, and Weh | [8] and apphcabf fo' gene al cq ai-

ance 5 ~c - g, h0~ 5 a ionay S~mp 10n ThiS p oble%, aS alSo dlsc~ssed . S ani$ aliS
and Lee [112] an]é L1n and Ca oll [9]y, he e h ~sed lhe he~ iSic a g men> o he local

p ope of local po§ nomial S i 1mallon and i 1nl ]l{’ e& igno ed he“ 1lh1n-S bjec, co elallon
w hile de; ing he a3 mp, OlIC a ianceS. ThiS pape de\f eS app op 1ale condi ion h ae e-
q ied fo he alidi, of  he local p ope ,, of ke nel ;, pe €5 ima o S ob alnec'i f orn longi -di-
nal o f ncllonal daa. TheSe COIldIlIOIlS also p  ide p aqical g-ideline® fo |\ a io-S Sampling
p oced- e5.

The con,_ib- l10n of h1S pape iS (fe de j aion of gene al aS mp, 1013:11 Eb jon e 1\1s in
bo h one-dimenSion lan . O- dlmenslonal Smoo hing con . fo eal— al- eéf e ion}, iha-
g-men %, hich a e f-nc ional® fo med 13\, eighed g e ageS of longi dlnal 0 f nc 10nal
TheSe a3, mp o ic no mali, €S-15 a e compa able o hoSe ob ained fo ide icall, diS ib- ed
and indépenglen da a. TheSe €S !5 a e applied o he ke nel-baSed ¢S ima o § of he mean 4nd
§Q a iance f-ncionty, hichy ield a$ mp o ic no mal di$ ib- ionS of . eSeeSima o S. Inpa  ic-

“la, o he beS of 0 kng ledge, no a$, Y P, 9, i€ dlsl ib- ion es~]lS agq alfable -p,odacto
nonpa ame ic eS 1mal10n of ¢q a iance f ne 1onS ob alned f om longi -dinal o f nc ional da a

W

conlamlnaled, meas- emen e 0. K compa iSon, Halle al. [6’} lig €8 1gehed aS mp, q ic
p ope , ieS of nonpa ame, ic ke nel es ima o S of a- (06 @ 1ance“ he ¢ he mea®- eme oee

on], obSe_ edf oma s1ngle 10na § ochaS icp foceSs 0 andom figd. Al ho-gh he a5§ mp-
oic diS ib- jonS a de j od ? andom deslgn in h1 pape , he a g men, $ can be &. ended
o fk.ed deSign and o he Samphng plan$, 1lh app op iae moélﬁc ionS, and a$, mp o ic biaS
and, a iange e mS can alSo be ob ained in S1m11a mgnne . Thig, ill p @ ide heo & ical baSiS and
p ac ical g- 1(fance fo . he nonpa ame ic anal, 515 of f-nc 10nalo longl1 dlnai datq, 11h1mp0 an
po enllal %pphcallons hich a e baSed on, he a rnp o ic d1S ib- 10nS 'lé pical & ampleS incl de
he consl ~¢ ion of as, y mp, o ic confidence band® fo | eg eSSton £+ ng ion® and confidence egionS
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fo cq aiance s faceS, and al®o faS Selec ion of bang id h fo cq a iance s face ¢S i img ion
baSed on a$, mp o ic meanSq-a ede 0 O he apphc ionS in_ he con e, of S noo hing indepen-
d;anl dala scan be & plo ed fo he Smoo hmg of longll acﬁlnal o % n¢ ional dala ~51ng ke nel-baSed
eS ima o

The emainde of he pape i%o ganizeda’ follp .InSecionl, ede] ¢ he gene,al aS mp o ic
dlS ib- ionS of one- and,g, o-dimenSional Smoo he S ob ained f om longi -dinalg f-nc 1onalda a
fo anAom deSign. The ¢ gene al as} mp, o, ic 8 ]1 a e applied, o common], -Sed ke nel-,, pe
eS ima o S of he mean c- ¢ and cq g iance S- face in Sec 10nl3 BE. enSion 0 fi.ed deSign i
diSc-sSed in Sec ion 4. A Sim-la jon S -d__ i p esenled og al- ae, he (‘“legﬂ eda mp, o, ic es~]l5
fo co elal ed dalam Sec ion 5, hile diSc-SSionS, incl- dmg po enllal apphcallons of, he e ing

aS mp 0 ic no mall‘> ,a e offe ed in Sec ion 6.

2. General results of asymptotic distributions for random design

In_hiS Sec i jony, g, ill define gene al f2nc ionals ha a e ke nel; eighed g e ageS of  he
daa fo one- dlmenslonal and, o-dimenSional Smoolhlng The in od-ced gene al f-ng 1onalS
incl-de  he moS common% ~Sed , peS of ke nel- based eS ima o S aS Special caSeS, S-ch as
GaSSe Melle & im o, Nada g a WaS on €S i M40, loca p(l nomjal es ima o, ¢ c. Since
Nada a, a WaS on and local pol nomial e ima 0 S ae mo Used Yin p agice,  hei
aS mp o ic behQ io Sin & mS of bia® and, a iancg fo 1ndepﬁndenl daahy e beeﬂ ho o- ghg
5 dle(!] m e.i8 ing 11116 a-e. Hg ¢ e, fo longi -dinal o f- nc ional da a, pa ic- ia , in e-
ga d 0cQa iange S- face eSimao S, he 353 mp o ic behg io S of bia® and a iance of  hee
.0 common -Sed es imaoS ae s 1l la‘gel, “-nkng n. The efo e in Secion 3, he gen-
e al a mp, o, ic es- l's d - eloped in  hiS Sec ion a e applied , o Nada g Vt’as on and local
pol, nﬁ)mlal es ima 03 in bo h one- dﬂnenslonal and . o-dim Sional Smoolhmg Se 1ngs In
pallc la, he lack of a; mp oic e5-15 fo he cq aiance S- face €5 imao S of ongl ~d1—
nal o f- Be ional da a i% an a(ld ional mo% ailon fo _he defini ion o ghe o-dimenSional
gene al f ncllonal a can be applied {© dg elop he a} mplo1c di® ib- 10ns fo hese
eSima o S.

We fi 8 conSide ,Andom deslng hlleezlenslon 00 he Sampling plan® i defe ed o Secion
4. In claSSical long11~dmal St dieS, mea- een Saeofenin nded obcona eg- la l1meg id.
Hg ¢ e, Since 1ndé id-al® mg, miSS Sched- le&\, 15115S ‘he e 11n dal%j%l& become Spa Se,

w he gonl fe ob’e ionS a e ob ained fo 151105l JeclS h -neq-al n-mbe S of epea ed
meaS- emenls pe S- bJec and diffe en meaS- emen, | imeS 7j; pe indj id-al. ThiS Sampling
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v a iance a2,

o
Yij = Xi(Tij) + & = p(Ti)) + Y Eaudp(Tyj) + aijs - Tij € T, (1
k=1

u
w hee Ee;; =0,var(e;j) = o2, and he n-mbe of obSe, g ionS, N;(n) depending onthe Sample
Sise n, a e copSide ed andom. We make he follg ing a5S-mp ionS,

(Al.1) The n-mbe ofobseV ations N,-(ns made fo lhe ilhs-bjecl 0 cl~sle vi=1,...,n,i%a .
. i.i.d . L. u . .
llhuNi (n) S N(n)y, he e N(n) > 0iS apolsllny einege g al-ed andom\, a iablg, 11h

w
EN(n)*/EN(n)EN(n)? < oo.

limS-p,_, . EN(n)?/[EN(n)]> < oo and lim S-

pn—)OO

u . oY . . .
In_ he Seq-el, he dependence of N;(n) and N (n) on he Sample Size n uls S-pp eSSed fo uslmphCl% ;

ie.,, Ny = N;(n) and N(n) = N. T&le obSe_ a‘ion imeS and meaS- emen S a e a%%-med o be
independenl oflhe n-mbe of meaS- emen 5, Le., fo an S~b5c:3l J; € {1,...,N;} and fo all
i=1,...,n,

(A12) ({T;j: je i} {Yij:jeipis independen1 of N;.

Wiing T; = (Ti1,..., Tiy)" and ¥; = (Yi1,..., Yin)7, i i eas), 0 Seelhal .he ipleS
{Ti, Yi, N,'} a eii.d..

2.1. Asymptotic normality of one-dimensional smoother

w €
define g ng . pe of conlin~igr, diffe S f ommlhosq,', hich a e commgn] -Sed. We 33, n
a eal f-ncion f(x,y) : W74 — R iSconin-o-Sonx € A C R? -nifom], iny € N,
PQ ided ha fo a X € A and ¢ > 0, he e &.i% S a neighbo hood of x no depending on y,
5%, ing U%x) C RP, s-chth$ | f(x/, y),— f& )] < efo all x' e U(x) and y € R9.

Fo andom desigdl, (T;j, Yij) a eaSS-med ohg e heiden ical dis ib-lion aS(T, Yy, ihjoi
dﬁansio, g, y). A55~methal lhe obseV aliontimeS %,, aeiid,, ilhlhe ma ginal dens&o' £,
b- dependence i® ally ed among Y;; and Yix ha a e obSe aionS made fo he Same *-bjec o
cl-Se. AlSo denole he join1 densily of (Tfu ks Yo Yo 13 g2(t1. 12, y1, y2)y, hee j # k. &
v, klbe g} enin ege §W ilhogv < k. We a%%-me eg-la jo condilionS fo  he ma ginal and joi
densgies, f@), g(t,y), g2(t1, t2, y1, y2) and  he mean f-n¢ ion of he -nde g ing p oceSS X (1),
ie, E[X(1)] = u(t), ih especuo aneighbo hood ofainle io poin 7 € T, ass~mingthauhe e
escislS a neighbo hood U () of ¢ §~chlhal:

ss- ; LS ionS Us i eaS i ieS
To a>>-me app op iqe eg lalﬁ, COIldlllOIl 1h ae-ed ode] eay mpqicpope,ie
A

P . . .uu
(BL1) 4= f(u) 61.1515 and iS conlm~o~S onu € U(t),and f(u) > 0fo u € U(r);
u u uu
(B1.2) g(u, y)iSconin-o-Sonu € U(¢) -nifo mg, iny € N, %g(u, y)e«.islsandisconlin~o~S
onu € U(t) -nifo mi, ilrll Y€ N; u
(B1.3) g2(u, v, y1. y2) i* con in-0-5 on (u, v) € U (1) -nifo m, in (y1, y2) € N2
dr S'S and S .U Us
(B1.4) IF u(u) iy and i uconlm o->onu € U(t).

u
Le Ki(-) be nonnega j e -nj a ia e ke nel f-nc ion® in one—qlimensional Smoolllling. The aS-
S-mp ionS fo ke nel® Ky : % — N aeaSfolly S. We 5%, hal a-nja ia‘e ke nel¥~nc ion K i8
. ! 1
of o (‘ie v, k), if

0, 0<l <k, L#v,
/I/Kl(u)du =1 (=D, L=y, 2)
#0, =k,
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(B2.1) K| iS compac " S~ppo ed, |Kil? = [ K#(u)du < oo;
(B2.2) KyiSake nellf ng ion 0f0 de (v, 0).

Le b =b(n)bea seq enceS of bang, id hS g ae sed in one-dimenSional Smoo hmg We
dg efop a$ mp OlICS aSn — oo, and eq-i ¢
(B3) b > 0, n(EN)b'*' — o0, b(EN) — 0, and n(EN)b**! — 42 fo Some dy, i

<d < oo.

One co-1d See i in he p oof of Theo em 1 ha  he ass-mp ionS (B3) combineq, ih (Al. )pQ ide
he condi ion 5-ch ha he local p ope ;, of ke nel-, pe e i img o $ holdS fo longll dinal o
- ]1 in, b es A h

ng iona ep eence of;, 1lh1n bjec, co el ion.

Le {I/JA}A_ ,,,,, ! beacollectlon of eal f- ne ion® ) : M — Ny, hich S 15§

(B4.1) x//k(t y)ae conlm o~S on {t} ~-nifo m& iny e
u
(B4.2) 4 s lﬂ;(t y) &15 Sfo alla g menl (t,y) and a econlm 0-S on {t} - n1f0 m& inyeNn.

Ther, e define he gene a}, eighedg e ageS

Z—T,'j
¥, = I’lENbH'l ZZ%( lj9Yij)K1< b >7 A=1,...,1

i=1 j=1
and
dV
W, = (1) = ﬁ/%(t,y)g(t,y)dy, A=1,...,1
Let

JIC;LZGKA(I)Z/.l//K(ta y)lplb(ta y)g(ta }’)d}’”Kl ”27 lg/’{a Kgla

and H : 9t — 9 be a f-nc ion, ihco in‘0-SfiS ode dej ah eS. We deno, e he g adien
v €40 ((0H/ox1)(v), ..., (CH/0x1)(v)) ]3 DH(v)and N = _1 Ni/n.

Theorem 1. If the assumptions (Al.1), (A1.2) and (B1.1) (B4.2) hold, then

VAN HW o ) — H(tys o )] —> NGB IDH (g )]

Z[DH(ﬂ],..,ﬂl)]), (3)
where
1
(—D*d 0H ak-v
B=— fukm(u)duz o )T }d — (1), T=(0x)1<r i<

/=1

. - . u u
I;lroof. Il is seenthal N canbe eplaceg, llh ENI3, Sl~t513, Theo em -nde (Al.1).Weng Shg
4

VENDPTH(EY 1y, ..., E¥) — H(y, .o )] — B “)
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u
Since (Al.1) and (A1.2) hold, and K i% of o de (v, k), -Sing T%, lo expansionlo o de k, one
obtains

l n 1 N,' t— ,Tl]
EY;, = pyers > N > W(Ty YK, 5
i=1 =1

N

1 l—Tj

:bv—'rlENE ;E[WX(TJ"YJ)K]< b >‘N:|
]=

1 t—T
ZWE {1//1(7", Y)Ky ( 5 )}

(—D* [ 4 dk ke K=y
=u; + I /u Ki(u)du = wy(t)b +o(0"7). 5)

Then (4) follg S f om an [-dimenSional T%, lo e.panSionof Hofode 1a 0ll nd (g, ..., m)7,
co-pled, ilh (5).If, e canShg

D
VAENDH[(Py,, ..., V)] —(EY, ..., E¥;,)T] = N(0,2), 6)
in analo%, {© %hauaChl?g’ a and Melle [1], and co inl}io, of DH a (g, - 1T and appl, -

ing Simila a g-men S -Sed in (5),, e find DH(EYy,, ..., E¥;y) — DH(, ..., ). Then
Came Wold dg iccy ieldS

VAENGFH Wiy, ..., Vi) — HEY, ..., E¥i)] —> N, DH(uy, ..o )"

ZDH(#], ...,,Ul)), (7)

combined, ih (4), leading o (3).
I emain$ 0Shg (6). ObSe, ing (AL1)and (A1.2), one ha®

n(EN)D> M cov(¥,,, ¥in)

1 1| & t—T; N t— Ty
=3B en jgl'pi(Tj’Yj)Kl( b’) [Z%(TksYk)&( 5 )}

k=1

1 & t—T;
——E|—) T;, Y)K ]
b EN,IW(” ’)1< b )

j=

1 N t — Ty
<E [Ev k; ¥ (Tx, YO K1 ( 3 )}

=1—-1.
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Il is OQ iollslhea L=0bB)=o0()f omlhe de } a‘ion of (5).Fo I, il can bg, inen as

N
1 L (1—T;
Il:EE Ev;w}.(Tj’Yj)l//K(Tj’Yj)Kl( bj>

1 1 t—T; t—Y,
+EE EN Z lW(T,/’Y.i)l//;g(Tk,Yk)Kl( 5 ]>K1( 3 k>

L<j#k<N
=0+ 0.
Apps, ing (A1.1) and (A1.2), one ha$
N
1 1 t—T;
Q1=7E\ o~ D E [lﬁ;,(Tj, Y, (T;, Yj)K12< 5 ")’N]

j=1

= %E |:l///1(T, Y)W, (T, Y)K} (#)] = 0 +o(1).

Then (4), illhold, obSe  ing(Al.1)and hefolly inga gq men hai gqa an eeS he localup ope 4
. . ! v S B | . L
he ke nel-baSed €S ima o W ih hep eSence of;, 1lh1n-5~bjec co elaiion in longi -dinal 0
. ! v ! v 1
f-nc ional dal a,
1
N
N]

1 t—T: t—T

1< j#k <N

EN(N — 1 p _r
=%E |:lﬁ,1(T1,Y1)l//K(T2,Y2)K1 (t 5 1)] K (t 5 2)

bEN(N — 1
- (E—N)/ Y, —ub, yOy, (t — vb, y2) K1 (u) K2 (v)
find

Xga(t —ub,t —vb, y1, y2)dudvdy) dy;
__DEN(N — 1)
N EN

u
. L . . . .. s . .
ie., 1h§7~’ ]lhln- b]e(:l co elallon can be igno eq, hile de | ing lhe ay mp, 0 icy a iance. |

" Vot YO, (t, y2)82(t, t, y1, y2) dy1 dyz + o(b) = o(1),
%

2.2. Asymptotic normality of two-dimensional smoother

The geng al as}, mpéo ic eS°1 can be & ended oy o-dimenSional Smoo hing. Le (v, k) de-
no e he m-1i-indice® v = (v, v2) andlﬁz (klj(ﬁ)w he e |v| = vi + v2 and |k| = k| + k.
Ing, o-dimenSional Smoo hing, mo e eg-la (IP aSS-mp ionS a e needed fo joi densilies. Le
f2(s, 1) be lhe joinl denéio, of (T}, Ti), and g4(s,t,s", 1", y1, y2. ¥}, ¥5) the joinl densiIy uof
(Tj, Ti, Tjr, Tor, Y, Yi, Yy, Yoy, hee j # k, (k) # (), K). Deno ¢ he cq a iance - .
fac&: 13 C(s, 1) = cov(X(T)), X(T)|Tj = s, Ty = t). The follg ing eg-la ]l} condilionS ae
aSS-med,, he e U(s, 1) i Some neighbo hood of {(s, 1)},

d*! s'S s U Us
(C1.1) mfg(u, V) &1 and i conin-o-> on (u,v) € U(s,t), and fo(u,v) > 0 fo

(u,v) e U(s,1);
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(C12) g2(u, v, y1, ya) i conlinlfolfs on (1. v) € Uls. ) “nifo m| in (y1.y2) € 9% — 4"
g (u, v, yi, y2) a.ils and iS conlin-o-suonu(u, v) € U(s, t) -nifo mg, in (y1, y2) € R

(C1.3) ga(u, v, u', V', y1,y2, y1. vy 18 contin~0-S on (u,v,u’,v) € U(s,1)* -nifo mg, in
01, y2. 91, ¥5) € W

uu
(C1.4) L C(u, v) &iS S and i conin-0-5 on (u, v) € Us, 1).

u u
Le K> be nonnega& ebj a iale ke nel f-nc ionS -Sed in he‘(, o-dimenSional Smoo hing. The
aSs- rhp ionS fo ke nel> K, a e as follp S ! vy !
1 v

u

(C2.1) K, 18 compacled S~ppolec1,‘, ilh K> |1? = fmz K22(u, v)dudv < oo, and 18 55 mme, ic
v 1h eSpec 0 coo dinaeSuandv.

(C2.2) K, 1S ake nel f~ncli0n of o de (|v|, |k]),1i.e.,

0, Ol < Ikl |I] # |vl,
[t ko v duav = { oM =, ®)
"2
Li+Lr=|l|
‘ #0, 1] = IKl.
Le h = h(n) be a Seq- f bangd id hS “Sed in,, o-dimenSional Smoo hing,, hile i
e = h(n) be a ®eq-ence of bang id h* -ed iny o-dimenional *moo hingy, hile,

is poksible ha he bang id hS ~Sel§1 fog oa g~me:ntS mg bg diffe en . Sincg, &, ill foc-
on_ he eS ima o of he cQ a iance S- face hal ils1 S} mme, ic abo~l he diagonal, i iS S-fficie \©
conSide _ he ideniical bang idlhS fo he\(, oag- enls.ll"he asy mp 0 ic%i% dg elopedaSn — oo
a5 follg : v t

(C3) h — 0, nEN*hIV+2 — oo, hEN®* — 0, and nE[N(N — D]AZKI+2 5 2 fo Some
0<e < o0.

u u

Simila _ o, he one-dimenSional Smoo hing caSe, a5S-mp ionS (C3) and (A1.1) g-a an ee, he local
p Ope oflhe bj aia e ke nel-based ¢ ima o S ih hep eSence of, ilhin-s~bjec co ela ion.
Le %47,1}/1:1,...,1 be acolleclion of eaﬁ f~nctionS G R >R A=1,...,1, Sallsg, ing

(C4.1) ;5. . y1. y2) a e conin"0-S on (s, 1)) “nifo ml, in (y1. 2) € N
Ikl . u .uu
(C4.2) W%(S’ t, V1, ¥2) i fo all a g~menls (s,t,y1,y2)andae conlm~o~S on {(s, 1)}
-nifo m&, in (y1, y2) € R2.

. S . S: S .
Then lhe gene al, elghl ed% e age of‘(', o-dimen®ional moo hing a e defined 13 ,fo 1<K,

1 n
Vi = Vi (1.8) = w2 o> 4Ty T Yij Yi)

i1 1< AR <N,
xK»> S_Tij,t_Tik .
h h

av
ds' dt"?

Lel

mj =m;(s, 1) = Z

vi+va=|v|

/2 @, (s, 1, ¥1,y2)82(s, 1, y1, y2) dyrdys, 1<A<,
N
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and

W) = W(8, 1) = /2 Guc(s, 1, 1, ¥2)b; (s, 1, V1, ¥2)82(s, £, y1, y2)dyidy2 | K2 |1%,
%

1<k, 1<,

andH")i[—ﬂRisafl{ncio ihco inqoqsﬁsode dejajeSas ioqs defined
e 1o ijheon t baj @ pgiosy -

Theorem 2. [f assumptions (Al.1), (A1.2) and (C1.1) (C4.2) hold, then

\/nN(]\_l — DR2VR2[H (D, ..., D) — H(my, ..., mp)]

2 NG, [DH(my, ..., m)ITQIDHm, ..., m)]), 9)

where

1 k|
(—Dl¥le / ki ko d
y= u"'v? Ko (u, v)dudv
21 X

k|l “ s dskr dik2
A=1 | ki+ko=lk]|

X /2 b,(s,t, y1,y2)82(5, 1, y1, y2) dy1 dy>
N

oH -
X1z (ml,...,ml) ’
om )

A

Q= (0)1<r<i-

The p oof of Theo em 2 eSSe iall follg § ha1 of Theo em |, ilh app op iale modiﬁca‘ions
w hichae eq-iedfo v o-dimenSional smool ing.
3. Applications to nonparametric regression estimators for functional or longitudinal
data

u u u i u

Alho-gh  aio-S e SionS of ke nel-baSed eSimao S hy e been inl od-ced in lie a-e
Nada 3 a WaS on and local pos, nomial, especﬁal . local lilﬁea eSimao S, ae lhe moS com-
mon], “-Sed nop-pa ame ic Smoo hing , echniq-e® in longi -dinal o f-nc ional da a anal, SiS.
Ds~.e s i hin-5~t?j§c co elalion, lhe'z lgls),.mploti(hbeh'z/‘l io in e mS of bia’ and, a iance of ghese
eS ima o ® fo noiSi|" obSe  ed longi -ding] o f-nc ional daa hay e been a$, ell -nde > ood
aSfo 1.i.d.daa. Especialﬁ, ,ay mpoic eS-15fo cq aiancee$imao ®dono eiS. The efo e
in hiS Sec ion,, e app{  he a3 mp qic es-18 dg, eloped fo gene al f-n ional® o Nada 3 a
Wa$ on and local linea e1S imalo S of eg eSSion f- nclion and cq a iance S- facelo obl ainlhei
asy mp, q ic disl ib~lion5.

3.1. Asymptotic distributions of mean estimators

u u
We appl, Theo em 1,0 he local aSy mp, 0, ic disl ib- ionS of he common], -Sed Nad (? a
Waslon ke nel estimalo Uy (1) and local1 finea eslimato gy (1) fo f~nctional/10ngil~ inal
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dala:
n N; n N;
n t —T;j t =T
N =12, Kl( bl])Yij / Z K1<T”> : (10)
i=1 j=1 i=1 j=1
fu (1) = bo(r) =a gmin 1Y Kl( b”)[Yi,-—<oco+a1<Ti,-—t>>]2 .oan
(o, a1) i=1 j=1

Corollary 1. If assumptions (Al.1), (A1.2), and (B1.1) (B3) hold with v = 0 and k = 2, then

— D d @ ® fO+2uV @) fO@) ,  var(Y|T=t)||K1|?
VaNb[ () —ut)] — N (5 ) ok, 0 ,

(12)
where d is as in (B3), a%q = [u?K (u)du (3),
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He e w;; = K]((I—Tl])/b)/(nb)w he e K; iSake nelf nctlonofo de (0,2), 3115§ ing (B2.1)
and (B2.2), and &;(¢) iS an €S i ,ima o fo heﬁ s de j EH e /() of,uall .

ObSe, ing hal Co ollay llmpheS ,uN(t) = (), le fo =Y, > wij/Ni, 1l is ea} ©
ShQ f 2 f(@) in analog, 8 Co ollay 1. We poceedlo Shg  ai(1) L w (). Denole
o, = JuPKi()du,  he ke nel f-ng ion K (1) = —tK1(1)/0%,, and define ¥, 1<A<313

Vi, y) =y, Yo (u, y)_l W3 (u, y)_u—t Obse e hal K iSofo de (1,3), f(t)—)f(t)
and define

X1 — X2l (1 x1 — xpu(t
1 — X2uN() and  H(xy. x0, x3) = 2 2#()'

H(x1, x2,%3) = 7 5
—bxy/f(1) - ok, X3

Then
&1 (t) = ﬁ(\Plna "P2na "P?m)

_ |:H(lle ) 4 PO ﬁN(t))] .,

Y3, W3, + 293,/ f (1) - 0%,

No e hal =W fHmf) 0,1y = f(0),and pg = f(1),imp} ing ¥, —p; = 0,(1/vnNb3),
fo ) =1, 2,3, 13 Theo em 1. USing Slutsky’s Theo em, |H(Wy,, Yo, ¥3,) — /()| =
Op(l/\/an ) follg 5.

Fo lhe asy mp, olic disl ib~lion of iy , nolelheﬁ
Y Ey L wiYi — X gy 2 wij (Tij — Dai (1)

p» ﬁ\] > wij '
ConSide ing vVaNb Y, v o wij(Tij — 1) = VnNbo% b*¥,. Since K; i of 0 de (1, 3),
Theo em 1implieS W, = f'(t)+ 0, (1/vnNb3), hichy ield® VnNbok bW, = VnNbo
@) + 0'%(1 0p(b) = 0p(1) | obSe, ing nNbS — d?fo 0<d < oo. Since f(t) 2> f£(t) and
181() — 1 (1) = 0, (1/¥nNb3) = 0, (1), e find

(1) =

lim VaNbliy 1) — p0]1 2 lim VaNb
n—oo n—>oo

> NZ wijYij — 1 (1) 3 NZ wij Tij + 11/ (1) 3 ENZ ,u(t)}
Zi_NijU .

USing  he ke nel K; of o de (0, 2)y, € e-define ¥y, 1<AL3, th ol{gh Vi, y) = v,
Vo(u,y) = u and Y3(u, y) = 1, Se“ing v=20k=2,1=3and H(x;,x2,x3) = [x] —
W ()x2 4t/ (1)x3]/x3. Then (13) follp S 13 appi, ingTheoem 1. [

3.2. Asymptotic distributions of covariance estimators

Note ha in model (1), cov(Y;j, Yix|Ti;, Tix) = cov(X (T;;), X (Tix)) +025ﬂ<v he e 0,15 1 if
j —kand ohev‘ iSe. Le Cl]k = (Yij — i(T;j) (Yix — i(T; k)) belhe @ cQa ianceS;, he e
y(t) iS5, he €3 ima ed meanf ncllon ob ained f om hep , 10~55 ep, fo 1nS ance, u(t) = ,uN(t) 0
a@) = uL(t‘). Il 15 eas ) Seethal [‘C,ﬂJTlP le] A cov(X(Yl D, X(T,k)) +0 5jk The efo e,
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he diggonal of he @ cq a 1anceS Sho- 1d be emq ed, i.e., ong Cijk, j #k, Sho-1d be incl- ded
aS inp- d afo' he cQ a iance $1 face Smoo, hmg P> aSp g 10-5& obe, edin§ anlV aliS and
Lee [1&] andYao e al. [15].

Commonl, Cse nonpa ame, ic eg €5Sion €S i ,ima o S of he cq aiance s face, C(s,t) =
E{[X(T)) — w(TH]1[X(T») — 8T2)|T1 =s5,T = t]} ae he.( o-dimenSional Nada% a WaS on
eS i ,ima o and local linea eS i ,ima 0 defined as follg S:

Cn(s. ) = ZZKZ(S_ it hT )Cijk /

i=1 j#k
n
~Tyj t—T,
ZZKz(S - lj, hlk) , (16)
i=1 j#k
n
R R —T; t—1T;
Cu(s, 1) = fy(s, 1) =a gmin Z Z K2 (s h - h lk)
B i=1 j#k

X [Cijk - f(ﬁ’ (Sv t)’ (T;Ja ’le))]o
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(11, 1, yd ,¥2) = (1 —u(t)) (y2 — (1)), Gy (t1, 2, y1, y2) = y1 —u(t1), and ¢5(t1, 12, y1, ¥2)
=1, hen upH€7-|<I)pn| = 0p,(1),fo p=1,2,3, Lemma 1 of Yao & al. [16]. ThiS im-
phes b3 S-p, SGTICD%TIOp(l/(«/_b)) O,(1/(y/nb)) and s Prse7 | P3010,(1/ (Vb)) =
OP(I/(fb)) Since 5~pl€7- |f(r) — /z(t)|2 = 0p(1/(nb)) ae neghglble compa ed \© CI>1,,, he
Nada g a Waston eSi ,im3 o Cn(s, 1), 0f C(s, 1) ob ained f om C; j i is a) mp Q 1ca11 eq % alen1
{© hal ob ained f om Cijk, deno edl3 CN(t s).

The efo e, } is s fficie he as mp, o ic diS 1b ion of Cn(s, 1) follg S (18)

0,

Chooke v = 10,00 1) <3, ot yl,‘yz> = (31— NGz — 10, ol 1310 3) =

and H(x1, x2) = x1/x2 in Theo em 2, hen CN(s t) = H(W1,, W2,). To comp- e yN(s, t)
DH(my,my) = (1/ma, —m;/m3), andno emi(s,1) = [ (V1 — () (y2— (1)) ga(s, 1, )’1,y2)
dyidys = fols, YC(s. 1) and ma (s, 1) = fa(s, 1). One has (@2 /dr>ymi (s, 1) = [(d fo/d*)C +
2(df>/dt)(dC /dt) + fz(dzq/dtz)](s 1), (d*/d*t)my(s, t) = d? f>(s, t)/dt? and Simila de j a-
\; e, llh eSpec lolhe a g-men s leading o he biaS e m in (12). Fo  he a mp, oic, ai-
ance, note ha o 1K20? fyo (1 — us) 2%yz — u(t))zgz(s 1,1, yz)dyldyz = b[(Yl -
M(Tl)) (Y2 — H(Tz)) T = 5. = )6 DIKP, on = v = |K|?fs, 0)Cs, 1),
wy = ||K2|| fr(s,t), and DH(my,my) = (1/my, —ml/mﬁ),y ielding lhe\, a iance (& m
in(12). O

Corollary 4. If the assumptions (Al.1), (A1.2), and (C1.1) (C3) hold with |v| = 0 and |k| = 2,

then
JaN(N — DR2[CL(s, ) — C(s, 1)]

2
—>N( GK2[d2C(S 1)/ds® +d*C(s, t)/di?], W)

fa(s, 1)
where e is as in (C3), v(s, t) = var{(Y1 — w(T1)) (Yo — w(L)|T1 =5, Th = 1), O'%(z = fmz (u2 +
V) Ko (u, v) dudv, | K2|* = [r2 K3(u, v) dudv.

(19)

Proof. In analog, o he p oof of Co olla, 3, he local linea e ima o 6L(s t) ob ained f om
Cijk 1ua mp o 1call eq& ale e hal ob ained f om C,]k, deno e 13 CL(t s). AlSo deno e

hesol 10n 0(17) afe S- bs]l' 1ng Cijk fo Cijks 13 B(s, 1) = (ﬁo(s 1), ﬂl(s 1), ﬁz(s 1), and
1n fac ﬁo(s t) = CL(s t). Fo S1mphc e Wijp = K ((s Tij)/ h, (t — ,k)/h)/(nhz) and
ik 1S abbg ia ion of Yo 1Zj;ék Algeb acalc lzalllons ield ha

é Z[ Jj#k Cljle]k ﬁl Zz \Jj#k lek +,Bl Zz ,J#k Wl]ks ﬂZ Zz \Jj#k lelek'i‘ﬁZ Zz ,J#k lekt
L=
Zl J#k lek

~ Roo(S10802 — So01511) + R10(S00S02 — So1520) — Ro1(S00S11 — S10502)

b= ,
500520502 — 0057, — S3S02 + S10S01S11 + S20810811 — So1 S50
B, = Roo(S10S11 — S01S02) — R10(S00S11 — So1520) + Ro1(S00520 — S3)
5 =
500520802 — S00S7; — S75S02 + 10801511 + S20S10811 — So153,
he e

W

Rpg =Y Wir(Tyj = )" (T = 0)9Cijk. Spg = Y Wija(Tyj — )P (Tix — 1)1
i,j#k i,j#k
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No e hal [N)’I and[ﬁza elocal linea €S imalo of hepa ialde\i ai{, eSof C(s,1),dC(s, t)/ds and
dC(v t)/dt, espeq7 eg In analog, . o hep oofofCO olla) 2, 1 canbe Shg n h |ﬁ1(s t) —
dC(s,t)/ds| = Op(1/\/REN(N — 1)h3)aﬂ%|52(5 t)—dC(s, t)/dtl = Op(l/ nN(N — 1)h*)
B appl, ing Theo em 2. Then one can S- bsl © de(s,1)/ds,dC (s, 1)/dt fo B (s, 1), P,(s. 1) in
CL(s, 1), and denoe he eS- ]llng eS i ,ima o - Cl(s, ). 111S eas o See ha‘

lim NN — DR2[CL(s, 1) — C(s, )] 2 lim ,/nN(N — DR2[Cf (s, 1) — C(s, 1)].

R u
We define @, 1<4<4, h o-gh d1(s, 1,91, y2) = (Y1 — () (2 — (), ¢r(s,t, y1, 2 3
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hoSe in Co olla ieS 3 and 4, 1h f(@) eplaced 1/|7 ] and f (s, t) eplaced 1/|7‘|2 hee
|7 S he lenglh of he i ine, al

5. Simulation study

u u
A n-me ical $ -4 i cond- ced o eﬁal ae hede ed as mp, ﬁlC p ope, ieS. The kg finding
in_hiS pape i$ RN he aS) mp01c eS-15 fo e nc ional o lon ; ~dinal aecompa able o hoSe
(N} 1 u
ob ained f om 1ndepende daa, i.e., he infl-ence of, ihin-S-bjec cQ a iance doeS no pI%
Significan ole in dele m1n1ng he a$ mp o ic biaS and‘ a iance. Fo 1mphcl 'y €foc-Son he
local po}, nomial mean ¢ ima 0 S {uch aeofen S-pe io . o he Nada aS on eS ima o S.
We fi'S gene aed M = 200 sampleS cond18 ing of n = 50 i.i.d. andom ajec, o ieS each.
Follg ing model (1), he Sim- laled p oceSS ha® a mean f nc ion u(t) = 5 1/25 0<r<l1
hich has a cor1S a gecond de e u® (t) = 2,and a cton an, 1h1n b eq cq a iance
v, | fqen iy {hin-Sbieg g
f n¢ ion de | ed fom a andom 1nle cep, 51 X N(O A1)y, hee 4; = 0.01 andd)l(t) =1,

O<t<1 Th meas~ emen e 0 in (l)v.‘ aS Set &ij b "N(0, az)v he e 62 = 0.01. A andom
deSign,, a5 -Sedy, he e he n-mbe S of obSe  aion’ fo each ! b]ec Niy, e ¢ choSen f om
{2.3.4.5¢, ih eq al likelihood and, he locallonS of he obSe, allon ee- mfo m} d1s ib- ed

on [0, 1], i.e., Tl] 1 "UJ0, 1]. Fo compal ony, € gene ed M = 200 SampleS ofnu 50

iid. andom ajec o ie$, hich h% e he Same 51 ¢ e a% in model (1) b~ nQ, 1h1n-S b]ec

co elailon Le mg gll = 0 and ¢; S "N(0, /A1 + ¢?2) leadS, o independe d g, 1h he same
mean and, a idhce £-nc ionS. The efo e, he, 05¢Sofdaahg e heSamea$ mp o icdi ib- ion

fo helocal pol nomlalmean eS i ,ima 0 51 ealso gene a ed M = 200 co ef ed and independe
SampleS, €S pec; el conSiS ing of n = 200 aJec o ie3 each fo demonS almg he aS mp, o ic
behg ioy, 1uh he inc eaSing Sample Size ny

He g, ¢ ~Selhe Epanechnlkq ke nel f- nctlon ie., Ki(u) = 3/4(1 — uz)l[ 1 1](u)“ he e
14u) = 1ifu € Aand 0 othN iSe fo ar& se A. Noe h? n(EN)b*+1 — 4% in (B3),
D) = 2, var(Y|T = 1) = /1 + 6% = 002 and he de ien denSiy  f(1) = 1y, hee
k = 2 fo local pol nﬁ)mlal eSi ,ima o § and b is he bangd ldlh ~5ed fo  he mean €S i 1m ion.
F om lhe abQ e conS -c ion, one can calc-la e he a$ mp o ic, a iance and biaS of he local
po% nomial mean eS ima o S g (¢) -Sing Co olla 3. hichiSinfac applicable fo bl(l) hco elaed
and 1ndependeni daa. ince (he biaS and, a 1ance emS ae boh cop®an in o- Sim-laion
f amg o k, fo coy emencev § compa e he aS mpoic i eg ed 5q-a ed biaS and, a iance
h he emp1 icali in eg aled Sq a ed biaS and‘ a iance ob ained -%ing Monle Calog e agef om
= 200 Sim- la ed SampleS baSed on fo E[{fiy (1) — u(z)}2]dr fo (B (1) — E[fy ()1} dt +
fo {E[fi_ ()] — u(2)}? dt. The as), mptollc 1nleg aled Squa ed biaS and, a iancea e g en 13

Wll

AIBIAS | 0.02 x || K%

= ~og,b", AIVAR= ————, (20)
2 nNb

and he a% mp o ic mleg aled mean q aede o AIMSE = AIBIAS + AIVAR,, he e o‘K =

fu2K1(u) du, ||K1 1> = f Kz(u) (u and N = (1/n) Y!| Niy, hile he empi 1ca1 ineg 4 ed
$q-a ed biaS N @ iance and mean uq aede P ae deno ed EIBIAS IVAR and EIMSE,
fhe ag mp , 0, ic and empi ical g-an i ieS,S-chas hein eg a ed gq a ed biaS,, a iance and mean
q aede o,aeShg ninFig. 1fo eco, el ed/mdependen1 dalg, i hsample Sizen = 50/n =
s
200, eSpec i % F om Fig. 1,1 iS ol io- 5 hea mp o, ic app (xlm ion i$ imp q dlg
inc eaSing e Sample Size. The ay mp qicq- anlllles AﬁHA ,AIVAR and AIMSE ag eg, i h he
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x 1078 x 108

n=50 / n=50 f
Correlated ’ Independent f

3 x 107 3 x 103
55 n=200 // 1 o5 n=200 /
Correlated | 1 o Independent |
1.5
1
05+ _
0
-2 -1.5 -1 -0.5 -2 -1.5 -1 -0.5
log (b) log (b)

Fig, 1. Shg nae heempi ical ql{ an i ieS L(Solid, incl® ding EIBIAS, EIVAR, EIMSE) and asy mp o ic ql! anlilies (daShed,
incl-ding AIBIAS, AIVAR, AIMSE)\, e 8-S log(b) fo co ela‘ ed (lef panel®) and independenl ( u1ghi panelS) dat q, ith
diffe en Sample SizeS n = 50 op panel®) and n = 200 (bou om panel®), he e biS lhe bang idth -Sed in_he Smoothing.
In cach panel, he incg aed °q-a ed bia® i he ong, ih inc eaSing pa cn, heinegaed, aiance i> he ong, ih
dec eaSingpa e n,and hg c oSS eacho he, hile heineg a ed meanSq-aede oy, hichiSla ge 1han bolhinueg aled
Sq-a ed bia® and, a iance fo any bang idlh b, ~5~a1$, dec eaSeS fi 51 andlhen inc eaSeS af‘e eaching a minim-m.

empi ical qq anl' ieS EIBIAS, EIVAR and EIMSE fo bo h co ela1 ed and independen da a. Fo
. u . . . . .
he Sim- laeddag, ih he Same Sample Size n, S-ch a$, mp, Qjc app o im, ionS fo co ‘ela ed and
1ndepende1éldala a g, ell compa able in pgen and ma%n' ‘dﬁ- ThiS p Q ideS he ¢ idence lhal
1h§’v’ i hin-S-bjec co ela ion indeed doeS no h:f\; eoQ io-Sinfl-ence on he as), mplolic beh?\; io
of hellocal pog nomial e imalo S compa ed_ o _he S anda d ae ob ainecl f om independenl da1 a,
Lo . .,ow . ) st 1
- hich 1% con®d1 1eni\7~’ th 0- lheo ellcal de% ailon .

6. Discussion

u
In lhiS pape , lhe asy mp o ic disl ib~li0nS of ke nel-baSed nonpa ame ic eg eSSion esl imalo §
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u
deSign deSc ibed in (A1.1) and (A1.2), fi. %d eq%l%, Spaced deSign deSc ibed in (A1*), and Some
caSel ing bPY" eenlhem. The p opoSed eS-15 co-1d alSo be &. ended, o mo e complic?ed caSeS,

S-chas, pang] da ay, he ¢ obSe, alionS fo diffe en S-bjec S a e ob ained a a Se ieS of common
(ime poinlS d- ing a lqpgi -dina follg --p. If conSide ing apdom deSign, e dens('}y of hejh
obSe, aion ime 7 co-ld be a%-med obe f;(r), hen he e5-15a e eadil applied o hi® cabe

w ihappopiae modiﬁcalionﬁ,‘, jh e’peg o he diffe en ma ginal denSi ieS.

PR L ¢ I Ot .. . . .
‘The gene al a3, mp o ic di ib- ion €5-15in -nj a ige and bj a ia e Smoo hing Se ingS a e
applied, o, he ke nel-baded 5 ima 0 S of he mean and cq ajance f-nc 1onS, hichy ields asy mp-
o icng mal diS ib- ionS of heSeeS ippa o S.Tolhebesl ofo- kng ledge, he ea enouasy mp, g ic
digl ib- ion €5-15 g ailableinli ¢ Z e fo nonpa ame iceS ima o Sof cq a iance f-nc ion ob-
ained %orlrll obSe, ed noisy longil -dinal o f-nc iona] da a. hiS'p ¢ idﬁrs lheo e ical baSiS and
P aclical g-idance fo lhe nonpa ame, ic anal, Sig of f~ncliona1 2 longi -dinal dal%f i h impo -
an, po en ial applicallionS ha a e baSed on, he a$ mp o icdiS ib- ionS. Fo e ample,al, mp o ic

(41 P 1 ? o] N i s
confidence bandS o egion® fo ugle ege>ionc, eo the cQ aiance |- face can be con® -¢ ed
aSed on lhq} aj, Iﬂptotic diS ib- ionS. Since, d-e o, hei heq, } comp~laliona1 load, common],

-Sed p oced- €5 (5-chaS ¢ olssi, alidiion) fo bang id h Selec ion ing, o-dimenSional Se iﬁlgs

a eng feaSible, one impo  an eSea ch p oblem i$ .0 Seek efficien app oache® fo chooSjng S-ch

Smog hing pa ame e S. AlSo f-nc ional p incipal compone anal iS,aninc easingg pop-la_ ool

fo f-ncional da a anal, SiS, iS baSed on eigen-decomposilion of he eSima ed cq a iance f-nc-
. L u . . .1 , Y .

ion. 1;1h~5, he infl-ence of he a3, mp, o ic p ope l16:5 of cq a iance esllmalo § on, he esl ima ed

eigenf~nctionS is anq he po en ial eSea ch of in e est.

References

[1] PK. Bha_ acha, a, H.G. Melle ,Asy ml[l)lolicS fo nonpa ame ic eg eSSion, Sankks, a55(1993) 420 441.
[2] G. Boen e, R. F aiman, Ke nel—l{?sed f-nc ional p incipal componen S, S alist' P obab. Le . 48 (1999) 335 345.
[3] H.Cado,F. Fe a,,P.Sa da, F-nc ional linea model, S a i’ obab. te .45(1999) 11 22.
[4] P. Diggle, P. He ge  , K.Y. Liang, S. Zege , Anal, SiS of Longi -dinal Da a, O.fo d Ug e S(i?, P eSS, (k. fo d, 2002.
[5] J. Fan, 1. Gijbel®, Local Po}, nomial Modelling and Ils Applicalions, Chapman & I-&all, London, 1996.
[6] P. Hall, N.I. Fihe , B. Hoffmann, Onlhe nonpa ame ic eslimalion of cq a iance f- nclions, Ann. Stzﬂisl' 22 (1994)
2115 2134. u
[7] P.Hall, P. Patil, P ope , ieS of nonpa ametic eslimalo S of a- ocq a iance fo Stalionay andom fieldS, P obab. Theo),
Rela ed FieldS 99 (1994) 399 424, u u
[8] J.D. Ha, T.E. Weh & , Ke nel eg e3Sion eslimalion -Sing epealed meaS- emenls dala, J. Ame . slalist' ASSoc. 81
(1986) 1080 1088. u u u u
[9] X.Lin,RJ.Ca oll,Nonpa ame, icf-nc ionestimalionfo cl»ste eddalgf henthep ediclo iSmeaS- eg, ilho-tv{, ilh
e o0,].Ame. S isl' ASSoc. 85 (2000) 520 534. u
[10] J.O.uRamS%, R J.}S. RamSe¢, , F-nc ional dala anag, 5;iS oflhe (3 namic$S oflhe monlhl, inde. of nond- able goodS
p od-c ion, J. Econom. 107 (2005[) 327 344.
[11] T.A. Se e ini, J.G. S ani$ aliS, Q-aSi-likelihood estimation in Semipa ame ic modelS, J. Ame . Stalist‘ ASSoc. 89
(1994) 501 511. u
[12] J.G. S ani, aliS, J.J. Lee, Nonpa amg ic eg eSSion anay 5;iS oflongil~dinal da‘a, J. Ame . Stalisl' ASSoc. 93 (1998)
1403 1418. u
[13] ﬂ&.P. Ve 13 la, B.R. C-11i%, M.G. Kep, a d, S.J. Welham, The ana%, SiS of deSigned e. pe imen‘s and longil -dinal daia
-Sing Smoo hing SplineS.(, ilh diSc-SSion), Appl. S alis -48(1999) 269 311.
[14] C.J. Wild, "IL.W. Yee, Addi‘\i e exlensionslo gene afixe(f eslimal ing eq~ation melhods, J. R(S, . Stalist' Soc., Se B 58
(1996) 711 725. u u
[15] lfl Yao, H.G. Melle , A.J. Cliffo d, S.R. D-eke , J. Lin Folle_, B.A.\l(l. B-chhols, J.S. Vogel, Sh inkage €S ima ion fo
f-nc ional p incipal componen Sco €%, ilh alpplica1 ion (0 he p0p~lali0n kinelicS of plaSma folai e, Biomet icS 59
(2003) 676 685. u u
[16] E. Yao, H.G. Melle , J.L. Wang, F~ncli0nal dala anas, SiS fo Spa Se longi1~dinal da‘a, J. Ame . Stalist' ASSoc. 100
(2005) 577 590.



