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Methods for Making Maximal Profit

The insurance company generally takes the following means to

earn maximal profit, reduce its risk exposure and improve its
security:

@ Proportional reinsurance
@ Controlling dividends payout

@ Controlling bankrupt probability(or solvency) and so on
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Mathematical Models

Cramér-Lundberg model of cash flows

@ The classical model with no reinsurance, dividend
pay-outs

The cash flow (reserve process) r; of the insurance
company follows

Ni
n=r+pt > U,

i=1
where

claims arrive according to a Poisson process N; with
intensity v on (,F, fFgs>0, P).



Mathematical Models

Cramér-Lundberg model of reserve process

U; denotes the size of each claim. Random variables U; are
i.i.d. and independent of the Poisson process N; with finite first
and second moments given by pq and puo.

p=@Q+nvu =1 +nvEfUg

is the premium rate and n > 0 denotes the safety loading.
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Diffusion approximation of Cramér-Lundberg model

By the central limit theorem,as v ¥ 1,

d
rr o+ BM(nvuqt, vust).

So we can assume that the cash flow fR;,t  0g of insurance
company is given by the following diffusion process

dR; = /Ldt + odW;,

where the first term " ;f " is the income from insureds and the
second term " o W; " means the company'’s risk exposure at any
time t.



Mathematical Models

Making Proportional reinsurance to reduce risk

@ The insurance company gives fraction A(1  a(t)) of its
income to reinsurance company



Mathematical Models

Making Proportional reinsurance to reduce risk

@ The insurance company gives fraction A(1  a(t)) of its
income to reinsurance company

@ As a return, the reinsurance share with the insurance
company’s risk exposure o W; by paying money
(1 a(t))o W; to insureds.



Mathematical Models
Making Proportional reinsurance to reduce risk

@ The insurance company gives fraction A(1  a(t)) of its
income to reinsurance company

@ As a return, the reinsurance share with the insurance
company’s risk exposure o W; by paying money
(1 a(t))o W; to insureds.

The cash flow TR;,t  0g of the insurance company then
becomes

dRy=(x (1 a(®))N)dt+oca(®)dW;, Ry = x.

We generally assume that A, based on real market.
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Mathematical Models
Making dividends payout for the company’s shareholders

If L; denotes cumulative amount of dividends paid out to the
shareholders up to time t,then the cash flow fR;,f 0g of the
company is given by

dRr=(u (1 a®))Ndt+ca®)dW, dly, Ry=x, (1)

where 1 a(t) is called the reinsurance fraction at time t, the
Ro = x means that the initial capital is x, the constants ;. and A
can be regarded as the safety loadings of the insurer and
reinsurer, respectively.
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Optimal Control Problem without solvency constraints

Optimal Control Problem for the model (1)

Notations:

@ A policy 7 = fa.(t), L] g is a pair of non-negative cadlag
F-adapted processes defined on a filtered probability
space ( ,F,TF:0s=0.P)

@ A pair of F; adapted processes m = fa. (), L7g is called a
admissible policy if 0 a.(f) 1and L} isanonnegative,
non-decreasing, right-continuous with Ieft limits.

@ denotes the whole set of admissible policies.

@ When a admissible policy 7 is applied, the model (1) can
be rewritten as follows:

dRT=( (1 a.(O)Ndt+oa(HdW; dLF, RI=x. (2)
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Optimal Control Problem for the model (1)

General setting:

@ The performance function J(x, 7) defined by

Jx,m) = E{ / C’dLT 3)
where 7y = infft 0 : Rf = Og is the time of bankruptcy,

¢ > 0 is a discount rate.
@ The optimal return function V(x) defined by

V(x) = supfd(x,n)g. 4)
el

@ Optimal control problem for the model (1) is to find the
optimal return function V(x) and the optimal policy 7* such
that V(x) = J(x,7*)
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meet safety level

It well known that one can find a dividend level by > 0, an
optimal policy T and an optimal return function V(x, wgo) to
solve optimal control problem for the model (1), i.e.,

V(x) = V(x, bp) = J(x,7},)
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Optimal Control Problem without solvency constraints

Solution of optimal control problem for the model (1) does not
meet safety level

It well known that one can find a dividend level by > 0, an
optimal policy T and an optimal return function V(x, wgo) to
solve optimal control problem for the model (1), i.e.,

V(x) = V(x, bp) = J(x,7},)

and by satisfies
I dli =0
/0 (s:RPo(s)<by}

However, the by may be too low and it will make the company
go bankrupt soon
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Solution of optimal control problem for the model (1) does not
meet safety level

@ Indeed, we proved that the by and wl’;o satisfy for any
0 < x  bg there exists g > 0 such that
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Optimal Control Problem without solvency constraints

Solution of optimal control problem for the model (1) does not
meet safety level

@ Indeed, we proved that the by and wl’;o satisfy for any
0 < x  bg there exists g > 0 such that

Pfr,® Tg &>0, (5)
where
N1 Y Lty
50—m'”{exp{2(52+¢z;2)r} Vi, Jo tEexpf Lohgat),

=inf{t 0:Ry=0}.
@ If the company’s preferred risk level is (' &p), i.e.,
Plnc® Tl = (6)
then the company has to reject the policy 7r;§0 because it
does not meet safety requirement (6) by (5), and the

insurance company is a business affected with a public
interest,
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Optimal Control Problem without solvency constraints

The best way to the company with the model (1)

and insureds and policy-holders should be protected against
insurer insolvencies. So the best policy m;(b  b) of the
company should meet the following

@ The safety standard (6)

@ The cost for safety standard (6) being minimal

We establish setting to solve the problems above as follows.



Optimal Control Problem with solvency constraints

General setting optimal control problem for the model (1)with
solvency constraints

@ For a given admissible policy 7 the performance function

Jix,m) = Ef /O - e oLy} @)

@ The optimal return function

V(x) = supfV(x,b)g (8)
beB

@ where V(x, b) = sup,n, fJ(x, 7)g, solvency constraint set
B:={b: Pl T] eJx,m)=VXb)yandm,2 .},

pb=Fr2 [0 lis.Rm(s)<pydLs = Og with property:
= oand b1>b2) by by-



Optimal Control Problem with solvency constraints

Main goal

Finding value function V(x), an optimal dividend policy ;. and
the optimal dividend level b* to solve the sub-optimal control
problem (7) and ( 8), i.e., J(x, 7f.) = V(X).

Our main results are the following



Optimal Control Problem with solvency constraints
Main Results

Theorem

Assume that transaction cost A\ . > 0. Let level of risk
e 2 (0,1) and time horizon T be given.

(i) If P[Tgo”O T] ¢, then we find f(x) such that the value
function V(x) of the company is f(x), and
V(x) = V(x, bo) = J(x, 7} ) = V(x,0) = f(x). The optimal

policy associated with V(x) is mp, = fA;;O(R.ﬂZO), L.ﬂz"g, where

(R, ™, L,™) is uniquely determined by the following SDE with
reflection boundary:




Optimal Control Problem with solvency constraints
Main Results

Theorem(continue)

dR; =(u (1 Ay (R™)Ndt+cA; (R,™)dW; oL,
Ry = x,
0 R™ by,

OOI - dLﬂ—bg —
Jo {tAR, b°<bo}()

9)

and 7'X by — = infft : R, o — = 0g. The optimal dividend level is by.
The solvency of the company is biggerthan1 «.




Optimal Control Problem with solvency constraints
Main Results

Theorem(continue)

(ii) If P[T;T0 ®  T]> e, then there is a unique b* > by satisfying

P[Tgf* T] = £ and find g(x) such that g(x) is the value
function of the company, that is,

g(x) = supfV(x, b)g = V(x, b%) = J(x, mp-) (10)
beB

and
b* 2 B, (12)

where

B = {b:P[TZ;b Tl e, J(x,mp) = V(x,b) and 7p 2 b}-




Optimal Control Problem with solvency constraints
Main Results

Theorem(continue)

The optimal policy associated with g(x) is
w5 = FALL(R™), L™"g, where (R™*", L™"g) is uniquely
determined by the following SDE with reflection boundary:

R =G (L A (RPN + oA (R AW, L,

Rg;* =X,

0o R b, (12)
o Lo =

Jo (] b*<b*}(t)d t 0

and 7> = infft : R[> = 0g. The optimal dividend level is b*.
The optimal dividend policy =};. and the optimal dividend b*
ensure that the solvency of the company is1 e.




Optimal Control Problem with solvency constraints
Main Results

(i)
9(x, b")
g(Xv bO)

(iv) Given risk level ¢ risk-based capital standard x = x(e) to
ensure the capital requirement of can cover the total given risk
is determined by ©°" (T, x()) =1 &, where ©°(T,y) satisfies

{ Pt y) = 3[A,NIP%e0, (1 y) + QALY) D)t y),

(13)

oP,y)=1, for 0O<y b, (14)
©P(t,0) = 0,09(t,b) =0, fort > 0.




Optimal Control Problem with solvency constraints
Main Results

Theorem(continue)

where f(x) is defined as follows: If X\ 2u, then

— fl(Xa bO) = CO(bO)(eglx e@X)’ X b07 =
g = { B(x.bo) = Colbo)(e® %)+ x by x by D)

If i < X < 2pu, then

f3(Xa bO) :beox Xﬁl(y)dya X m,
fa(x, bp)'2
f(x) =




Optimal Control Problem with solvency constraints
Main Results

Theorem(continue)

9(x) is defined as follows: If X 2y, then

wo0={ {6n ¥ & @

Ifpu < X\ <2u, then

f3(X7 b)a X m(b)7
g(x) = ¢ f1(x,b), m(b) < x < b, (18)
fs(x,b), x b.




Optimal Control Problem with solvency constraints
Main Results

Theorem(continue)

A*(x) is defined as follows: If X 2u, then A*(x) =1 forx 0.
Ifu < X\ <2u, then

2XTTONX (X)), x  m,

, X >m, &

A*(x) = A(x, by) = { 1

where X~ denotes the inverse function of X(z), and

A p
a+C

X(2) = C3(bo)z~17¢/*+Cy(by) Inz, 8z >0, m(by) = X(z1)

v
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Main Results




Economic and financial explanation

@ For a given level of risk and time horizon, if probability of
bankruptcy is less than the level of risk, the optimal control
problem of (7) and (8) is the traditional (3) and (4), the
company has higher solvency, so it will have good
reputation. The solvency constraints here do not work.
This is a trivial case.



Economic and financial explanation

@ If probability of bankruptcy is large than the level of risk ¢,
the traditional optimal policy will not meet the standard of
security and solvency, the company needs to find a
sub-optimal policy 7. to improve its solvency. The

sub-optimal reserve process R;r"* is a diffusion process

reflected at b*, the process L;*" is the process which
ensures the reflection. The sub-optimal action is to pay out
everything in excess of b* as dividend and pay no dividend
when the reserve is below b*, and A*(b*, x) is the
sub-optimal feedback control function. The solvency
probability is 1 e.
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@ We proved that the value function is decreasing w.r.t b and
the bankrupt probability is decreasing w.r.t. b, so 7. will
reduge the company’s profit, on the other hand, in view of
P[Tgf* T] = ¢, the cost of improving solvency is minimal
andis g(x, bg) g(x, b*). Therefore the policy ;. is the
best equilibrium action between making profit and
improving solvency.
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@ The risk-based capital x(e, b*) to ensure the capital
requirement of can cover the total risk ¢ can be determined
by numerical solution of 1~ ¢?"(x, b*) = ¢ based on (14).
The risk-based capital x(e, b*) decreases with risk ¢, i.e.,
x(e, b*) increases with solvency , so does risk-based
dividend level b*(¢).



Economic and financial explanation

@ We proved that the value function is decreasing w.r.t b and
the bankrupt probability is decreasing w.r.t. b, so 7. will
reduge the company’s profit, on the other hand, in view of
P[Tgf* T] = &, the cost of improving solvency is minimal
andis g(x, bg) g(x, b*). Therefore the policy ;. is the
best equilibrium action between making profit and
improving solvency.

@ The risk-based capital x(e, b*) to ensure the capital
requirement of can cover the total risk ¢ can be determined
by numerical solution of 1~ ¢?"(x, b*) = ¢ based on (14).
The risk-based capital x(e, b*) decreases with risk ¢, i.e.,
x(e, b*) increases with solvency , so does risk-based
dividend level b*(¢).

@ The premium rate will increase the company’s profit.Higher
risk will get higher return
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@ Step 1: Prove the inequality (5) by Girsanov
theorem,comparison theorem on SDE,B-D-G inequality.

@ Step 2: Prove

Assume thatd = A\ > 0 and define (ng’b, Lfg) by the

following SDE:
R =(u @ AL RPN+ cALRP)aWs  dL?,
7rb7 — b
O
0 AP b,
o0 7rb _
5 IRETINGL

Thenlimp_,o Plrp?  T]=0.
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Step 5: Prove the probability of bankruptcy P[T,f)j Tlisa
strictly decreasing function of b by Girsanov
theorem,comparison theorem on SDE,B-D-G inequality
and strong Markov property.

Step 6: Prove the probability of bankruptcy
WP(T,b) =P{r;> T} is continuous function of b by
energy inequality approach used in PDE theory.

Step 7: Economical analysis



8 steps to get solution

Step 3: Solving HIB equation to determine the value
function g(x, b)

Step 4: Prove value function g(x, b) is strictly decreasing
w.rt. b

Step 5: Prove the probability of bankruptcy P[T,f)j Tlisa
strictly decreasing function of b by Girsanov
theorem,comparison theorem on SDE,B-D-G inequality
and strong Markov property.

Step 6: Prove the probability of bankruptcy
WP(T,b) =P{r;> T} is continuous function of b by
energy inequality approach used in PDE theory.

Step 7: Economical analysis
Step 8: Numerical analysis of PDE by matlab and
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