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» What is Haar-invariant unitary matrix I",,?
Mathematically,
', : normalized Haar measure on U(n) : set of n by n unitary
matrices.

Statistically,
Assume the entries of Y = Y, are i.i.d. CN(0, 1). Two ways to
generate such matrices

1) The matrix Q in QR (Gram-Schmidt) decomposition of Y

)T, L y(yry)-1/2
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(a) a= (al, ,ak), b= (bl, ,bk) with aj, bj 210,1,2,
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(b) Forj and k,

E[Tr(U)Tr(UY) | = 64 j"n.
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Diaconis (2004) believes there is a good formula for COE and CSE
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2. Background for Circular g-Ensembles

» Probability density function
e e : eigenvalues of Haar-invariant unitary matrix.

pdf: £(61, ,00J3 = 2), where

f(017 7911]5) = Const H jeiej eiekj/g

1<j<k<n

3>0,6;2[0,27)

@ This model: circular 3-ensemble (G = 1, 2, 4) by physicist
Dyson for study of nuclear scattering data
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» Three Important Circular Ensembles
COE(B=1),CUE (8 =2),CSE (B =4)

Construction of COE and CUE
U = U, xy, : Haar unitary

e U follows CUE
e UTU follows COE
e CSE is similar but a bit involved (see Mehta)

Entries of CUE : roughly independent CN(0, 1) (Jiang, AP06)
Entries of COE : roughly CN(0, 1) (but dependent) (Jiang, JMPQ9)
Killip & Nenciu: Matrix models for circular ensembles
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» Bad news from COE: Let M,, be COE. By elementary check

2n
n+1

E[jTr(M,)j*] =

e Moments depend on n
o Later results: E[j7r(M,)j?] not depend on n only at 8 = 2
@ This suggest: moments for general 5-ensemble depend on n
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» Notation
o A= (A1,\2, ) :partition
@ jAj=M+ X+ :weight
@ mi(A) :multiofiin (A1, A2, )
@ [(\)=# of positive \; in A : length

o= [ [P mi(0)!

i>1
°p)= Hﬁ(z/\l)l?xm where pi(x1,x2, ) =xf+x5+
A= (3,2,2) :jAi = 7, ma(\) = 2, ma(A) = 1, I(A) = 3,

pa= (2 >‘z3) (> )‘1'2)2
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a>0,K 1,n 1, define

Let 601, 00 (01, ,0.008), a =2/0.
° Z, = (e , e,

° pu(Zy) = u(eiel? ,ein)
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Take 3 = 2,then A = B = 1. We recover

» Theroem (Diaconis and Evans: 2001)
a= (a1, yag), b= (b, ,br) with a;, b; 2 10,1, 2,

koo P
Forn > i qjaj _> i 1jbj,

k

E | [[(Tr(U))(Tr(UR)% | = da H] i)
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» Exact formula
The exact formula gives

2n H _

L2 ; . ifp=1

Efip ()] = = —— " _ . _
lip1(Za)j°] Gn 11251 1,n !fﬂ 2
m, |f/6:4

Exact formula is given next
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Proofs by Jack Polynomial

» Jack Polynomial
Jack polynomial J&a) = J&a) (x1, ,x,)issymmetricinx;, ,x,
@ « =1, itis Schur polynomial
@ « = 2, itis Zonal polynomial
e o =1/2,itis Zonal spherical function

Orthogonal property: Z, = (¢, ..., )



Proofs by Jack Polynomial

» Jack Polynomial
Jack polynomial /4 = J{*) (x;
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1 = Y 6w,

prlol=IA
pp= Y O)Na)
XM=l

Forjuj = jvj = K,

ElpuZip @) = Y 6)@)elaEuY)
AEK:I(N)<n
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Use

o explicit form of E(J\*{*))

o relationship between 6, (cv) and ©7(«)
we have

05()6) ()

Ci(a) NI

ae) = [T {etv H+xN i+ H+x i+a)f

(ij)ex
N n+(G la (i 1)
N3 () = H n+ja i
(iJ)EX

Young diagram



Main proof:
e play Cy(«)
e play N{(n)
e use orthogonal relations of 6 (cv)
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(n+1)8(n+3)7 if ﬂ =1
0, if =2

(2n713(12n73)’ if5 =4



The End!



Thanks for your patience!



